Mathematica 11.3 Integration Test Results

Test results for the 108 problems in "3.2.3 u log(e (f (a+b x)*p (c+d
x)Aq)"r)As.m"

Problem 16: Result more than twice size of optimal antiderivative.

J(a+bx)4Log[e (f (a+bx)P (crdx)?)]*ax

Optimal (type 4, 920 leaves, 32 steps):

a(bc-ad)’pgrix 2(bc-ad)*pqr2x 77 (bc-ad)*q?r?x

) 5d3 ’ 25d* i 150 d* :

2(bc—ad)4q(p+q) r? x b(bc—ad)3pqr‘2x2 (bc—ad)3pqr‘2(a+bx)2
5 g4 ) 10 d3 ) 25b d?

77 (bc—ad)g’qzr‘2 (a+bx)2 +16 (bc—ad)zpqr'2 (a+bx)3 +47 (bc—ad)zqzr‘2 (a+bx)3 i
300 b d3 225 b d? 450 b d?

9 (bc-ad)pqr? (a+bx)4_9 (bc-ad)g?r? (a+bx)4+2p2r'2 (a+bx)5
200bd 200bd 125b

4pqr? (a+bx)5 +2q2r‘2 (a+bx)5 2 (bc—ad)qur‘zLog[c+dx}

+

125b 125b 25bd°

137 (bc-ad)®q?r2log(c+dx] 2 (bc-ad)®pqr?Log[- 222 Log[c +dx]

150 b d° 5bd°
(bc-ad)®q?r?Llog(c+dx]2 2 (bc-ad)®qr (a+bx) Logle (f(a+bx)P (c+dx)%)"]
5 b d° ) 5 b d* :
(bc-ad)’qr (a+bx)*Log[e (f (a+bx)P (c+dx))"]
5b d3 )
2(bc—ad)zqr‘(a+bx>3Log[e(-F(a+bx)p(c+dx)q)'"]
15 b d?
(bc-ad)qr (a+bx)*Log[e (f (a+bx)P (c+dx)?)"]
10bd )
2pr(a+bx)’Logle (f(a+bx)P (c+dx)?)"] 2qr (a+bx)°Logl[e (f(a+bx)P (c+dx)?)"]
25b ) 25b
2 (bc-ad)’qrLog(c+dx] Logle (f (a+bx)P (c+dx)%)"]
5bd>
(a+bx)®Logle (f (a+bx)? (c+dx)%)"]* 2 (bc-ad)®pqr?Polylog[2, * =X |

B bc-ad
5b 5bd°

+

+

+
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Result (type 4, 2508 leaves):
2a°pqr? 2ab3c*pqr? 2a’b?cdpqr? 4atbcipqr? 4a*cpqr?
+ - + - +
b 5 d* d? d? d
2 ., 197 , 5 12b%*c*pqgrix 1lab3c3pgr?x 59a’b?c?pqgr’x
—a*p’rix+ a*pgrix+ - +
25 150 25d* 5d3 15 d?
101a3bcpqr?x 4 2 137b*c*g?r2x 25ab3c3g?r?x 22a%’b2c?2g®r?x
+2a" g r x+ - +
30d 150 d* 6d3 3 d?
6a*bcg?r2x 7b*c3pqgr2x? 19ab3c?pqr?x?
—_—— +

4 283
+—abp’rix?+ ——albpqrx?®-
d 25 300 50d3 30 d?
67a’b’cpgr’x? . ., , 77b*c¢’r?x? 13ab’c?q’r’x? 5a’b’cg’rix?

+a’bg°rox® - + - +
60d 300d3 12 d? 3d
4 257 16 b* c? r2x3 29ab3c r2 x3
—a?b?p?rixd+ —a?blpqgrixd+ Pd - Pd +
25 450 225 d? 90d
4 47b%*c?g’r2x® 7abdcq’r?x®? 2 1
Za2p2 g2 r2 3+ q - g +—abdp?rixts abdpgrixt-
450 d? 18d 25 200
9b*c r2x* 1 9b*cg®r2xt 2
2ocparx +fab3q2r2x4—7q +—b*p?r2x®+
200d 8 200d 125 125
a®p?r?logla+bx]? 2a°pqrilog(c+dx] 2b*c>pqr?Log[c+dx]
4 _

b*pqgrix +

2
b* g2 r2 x5 - N

125 5b b 25 d°
2ab3c*pqgr?logic+dx] 4a’b?c*pqr?log[c+dx] 4albc?pqgr?loglc+dx]
- +

5d*4 5d3 5 d?
2a*cpqr?logfc+dx] 137b*c®>g?r?log[c+dx] 25ab3>c*g?r?logc+dx]
- +
5d 150 d° 6d*
22a’b?2c3g’r?log[c+dx] 6a*bc?g®r?loglc+dx] 2a*cqg?r?loglc+dx]

+

343 o ) d )

b*c>g?r?log[c+dx]? ab3c*qg’r?log[c+dx]? 2a?b?c3qg?’r?log[c+dx]?
5d° ’ d4 - d3

2a3bc?q?r2log[c+dx]2 a*cq’r?loglc+dx]? 2a°prlogle (f(a+bx)? (c+dx)?)"]

d? d b

+

Ea“pr‘xLog[e (f(a+bx)P (c+dx)9)"] -2a*qrxLogle (f (a+bx)P (c+dx)?)"] -

2b*c*qrxlogle (f (a+bx)P (c+dx)?)"] 2ab*c*qrxLogle (f(a+bx)? (c+dx))"]

+ —

5d* d?
4a2b?c?qrxlogle (f(a+bx)P (c+dx)?)"] 4a*bcqrxlogle (f(a+bx)P (c+dx)?)"]
N -
d? d

ia?’bpr‘szog[e (f(a+bx)P (c+dx)9)"] -2a’bqgrx?Logle (f (a+bx)P (c+dx)®)"] +
5

b*c3qrx?Logle (f (a+bx)P (c+dx)?)"] ab*c2qrx®Llogle (f (a+bx)P (c+dx)9)"]
- +
5d3 d?
222 b2 2L flarbx)? (c+dx)9)"
aZb2cqrx og[e(d(a+ x)P (c+dx) >]7£a2b2prx3Log[e(F(a+bx)p(c+dx)q>"]f
5

2b*c2qrxdL Flasbx)? (crdx)9)"
iazbzqr‘x3Log[e (f(a+bx)P (c+dx)9)"] - arxLogle | (a2+ X)? (e+dx)?)7] +
3 15d
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2ab? 3L flatbx)P (c+dx)9)"
ab’cqrx®logle ( ((ja+ x)P (c+dx))"] 7%ab3pr‘X4Log[e (£ (a+bx)P (crdx))"] -
3 5

b# 4L f b p d q\r
lab3qr‘x4Log[e (f <a+bx)p<c+dx)q)r]+ carx og[e( (a+ X> (C+ X> ) } -
2

10d
ib“pr‘x‘SLog[e (-F (a+bx)p (c+dx)q)r} —ib“qrxSLog[e (f <a+bx)p <c+dx)q)"] +

25 25
2b*cSqrlog[c+dx] Logle (f (a+bx)P (c+dx)%)"]
5d°
2ab3c*qrlog[c+dx] Logle (f (a+bx)P (c+dx)%)"]
d4 ’
4a2b?c*qrlog[c+dx] Logle (f (a+bx)? (c+dx)?)"]
o i
4a*bc2qrloglc+dx] Logle (f (a+bx)P (c+dx)?)"]
d? :
2a*cqrloglc+dx] Log[e (f (a+bx)P (c+dx))"]
N
d

s xLoge (£ (a+bx)" (cdx]%)7]* 22 b Log[e (£ (a+bx)” (e dx)%)"]"

2azb2x3Log[e (F (a+bx)p <c+dx)q>r]2+ab3x4Log[e (-F (a+bx>p (c+dx>q)r]2+

lb“xSLog[e (f (a+bx)p(c+dx)q)"}2+ prLogla+bx]
5

150 b d®

ad (a*d* (288p-137q) -60b*c*q+270ab’>c>dq-470a’b’>c*d*q+385a’bcd’q) r-

60bc (b*c*-5ab’c’d+10a’b’c*d*-10a’bcd’+5a*d*) qrloglc+dx] +

b d
60 (bcad)sqr‘Log[H} +60a°d° Log[e (-F (a+bx)p (c+dx)q)r} +
c-a
2 (bc —ad)5 pqr2PolyLog|2, —(—)—diba;baxd ]

5bd®

Problem 17: Result more than twice size of optimal antiderivative.

J(a+bx)3Log[e (f (a+bx)P (c+dx)q>r]2dlx

Optimal (type 4, 805 leaves, 28 steps):
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a(bc-ad)’pqr?x (bc-ad)’pgrix 13 (bc-ad)’qg?r?x

4 d? 8d3 24 d3
(bc-ad)’q (p+q) r2x b(bc-ad)®’pgrix? (bc-ad)’pqr? (a+bx)?
2d3 : 8 d? : 16 b d? :
13(bc—ad)2q2r‘2(a+bx)2 7(bc—ad)pqr‘2(a+bx)3 7(bc—ad)q2r'2(a+bx)3
48 b d? ) 72bd ) 72bd :
p2r? (a+bx)* pqr?(a+bx)* g2r?(a+bx)*® (bc-ad)*pqr?Llog[c+dx]
32b i 16b ' 32b i 8bd* '
25 (bc-ad)*q2r?Log[c+dx] (bc—ad)“pqr'ZLog[fdeit—:;‘L]Log[c+dx]
24 b d* : 2bd* :
(bc-ad)*q?r?Log(c+dx]2 (bc-ad)’qr (a+bx) Logle (f (a+bx)P (c+dx))"]
4b d* ' 2bd? i
(bc—ad)zqr‘(a+bx)2Log[e(1“<a+bx)p(c+dx)“‘)"]Jr
4 b d?
(bc-ad)qr (a+bx)’Loge (f(a+bx)P (c+dx)9)"]
6bd )
pr‘<a+bx)4Log[e(-F(a+bx)p(c+dx>q)r} qr‘(a+bx)4Log[e<-F(a+bx)p(c+dx)q>r]
8b : 8b )
(bc—ad)4quog[c+dx} Logle (f (a+bx)P (c+dx)%)"]
2bd* :

(a+bx)4Log[e (f (a+bx)p (c+dx)q)r}2 (bc—ad)4pq r? PolyLog[Z, %ﬁq
+

4b 2bd*

Result (type 4, 1853 leaves):

2a*pqr? ab’c’pqr* 2a’bc’pqr? 3alcpgr® 1 ., , 37 ;
- + - +—a’p’rix+ —adpqrix-
b 2d° d? d 24
5b3c3pgr?x 9ab?c?pqr?x 35a’bcpqr?x T 25b3c3g?r?x
+ - +2a@’rix- — +
8d3 4 d? 12d 24 d3
11ab?c?g’r?x 9a’bcg?r?x 3 41 3b3c2pqrix?
a - a L abp?rix?s —albpqrixts ——PAC X
3d? 2d 16 48 16 d?
2ab?c r2x? 3 13b3c?2g’r?2x? 5ab?cg’r?x? 1
caveparx +—a’bg’r?x?+ g - g +—abp?rix®+
3d 4 48 d? 6d 8
25 7b%c r2x3 2 7b3cg?r2x® 1
fabzpqr2x3——pq +fab2q2r2x3—7q +—b3p?r2xts
72 72d 9 72d 32
1 1 a*p?r?logla+bx]?2 2a*pqr?loglc+dx
—bipgrix*+ —Db>g’rix*- P glarbx] + Pq glcr 1+
16 32 4b b
b3c*pqrilogic+dx] ab?>cpqgr?log[c+dx] 3a’bc?pqgr?log[c+dx]
_ + _
8 d* 2d? 4 d2
atcpqr?loglc+dx] 25b3c*g?r?Loglc+dx] 1lab?c®>g?r?Llog[c+dx]
+ - +
2d 24 d* 3d3

9albc?g’r?logjc+dx] 2a*cg?r?log[c+dx] b3>c*g?r?log[c+dx]?
+

2d? d 4.d*
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ab?2c3g’r?log[c+dx]? 3a’bc?g?’r?logic+dx]? a*cqg?r?loglc+dx]?
. _
d3 2 d? d
2a*prlogle (f (a+bx)P (c+dx)9)"]

b

—§a3pr‘xLog{e (f(a+bx)P (c+dx)9)"] -

b3 c3 L £ b p d q\r
2a%qrxLogle (f (a+bx)” (c+dx)9)"] + carxtogle | <a: x)? (c+dx)?)]
2d
2ab2c?qrxLogle (f (a+bx)? (c+dx)%)"] 3a’bcqrxLogle (f(a+bx)P (c+dx))"]
+

d? d

iaszr'szog[e (f(a+bx)P (c+dx)®)"] —Eazbqr‘szog[e (f(a+bx)P (c+dx)®)"] -
4 2
b*c2qrx?Logle (f (a+bx)P (c+dx)?)"] ab2cqrx?Logle (f(a+bx)? (c+dx))"]

N _

4 d2 d

labzpr'x3Log[e (f(a+bx)P (c+dx)®)"] —Eabzqr‘xf’Log[e (f(a+bx)P (c+dx)®)"] +
2 3

b3 3L Flasbx)? (cedx))"
cqgrx og[E( (ad+ X) (c+ X) ) } _lb3pr'x4Log[e ('F (a+bx)p<c+dx)q)r]_
6 8
b*c*qrLoglc+dx] Logle (f (a+bx)P (c+dx)?)"]

2d*

+

lb3'qr‘x4Log[e (f(a+bx)P (c+dx)9)"]
8

2ab2cqrlog[c+dx] Logle (f (a+bx)? (c+dx)%)"]

d3
3a’bcqrloglc+dx] Logle (f (a+bx)? (c+dx)?)"] )

dZ
2a%cqrloglc+dx] Log[e (f (a+bx)P (c+dx))"] )

d
a’x Log|e (f (a*bx)p<c+dx)q>r]2+§a2ble'°g[e (f <a+bx)p<c+dx)q)r]2+

2, 1 r12 1

ab?x?Logle (f (a+bx)P (c+dx)?)"] *Zb3X4Log[e (f(a+bx)P (c+dx]?)7] e

prlogfa+bx] |ad (5a*d®> (9p-5q) +12b’c®>q-42ab*c>dq+52a’bcd*q) r+12bc

b d
<b3C3*4ab2c2d+6a2bcd274a3d3> grloglc+dx] -12 (bcad)4qr‘L0g[b(C+:j(> '
c-a

(bc- ad)4pq r2 Polylog|2, MM}

-bc+ad

12a*d* Log[e (f (a+bx)P (c+dx)9)"]| - -
2bd

Problem 23: Result more than twice size of optimal antiderivative.

dx

JLog[e (f (a+bx)P (c+dx)q)r}2

<a+bx>4

Optimal (type 4, 764 leaves, 28 steps):
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2 p?r? 5dpqr? 8d2pqr?
727b(a+bx)3718b(bc—ad) (a+bx)2+9b(bc—ad)2(a+bx) )
d?g?r? 2d3pgr?logla+bx] d*g?r?logla+bx]
3b(bc-ad)2(a+bx)+ 9b (bc-ad)’ _ b(bc-ad)? _
d*pgr?logla+bx]? 2d®*pqr?log[c+dx] d*>qg?>r?Llog[c+dx]
3b(bc-ad)’ _ 9b (bc-ad)? ) b(bc-ad)? )
2d3pqr‘2Log[—d4bﬁ)—]Log[c+dx]+d3qzr\z|_og[c+dx}z 2d3q2r2Log[a+bx]Log[b—b(:—g?—}

3b(bc-ad)? 3b(bc-ad)? 3b(bc-ad)?
2priogle (f(a+bx)? (c+dx)?)"] 7dqr‘Log[e (f (a+bx)P (c+dx)?)"]
9b (a+bx)? 3b(bc-ad) (a+bx)?

+

2d*qrlogle (f (a+bx)P (c+dx)?)"] 2d*qrLogla+bx] Logle (f(a+bx)P (c+dx)?)"]
3b(bc-ad)® (a+bx) 3b(bc-ad)?

2d>qrLog[c+dx] Log|e (f(a+bx)P (c+dx>q)r} i Log|e (f(a+bx)P (c+dx)q)r}2

3b(bc-ad)? 3b(a+bx)’

3 42 W2 _d(a+bx) 3 2 b (c+dx)
2d°g°r PolyLog[Z, bead ] . 2d°pqgr PolyLogPJ b ad }

3b(bc-ad)’ 3b(bc-ad)?

Result (type 4, 10507 leaves):
p?r? (6Log[a+bx] +18Log[a+bx]?+27Logla+bx]?)

+

81b (a+bx)>Log[a+bx]
(@*r? (b2c*-3abc?d+3a’cd’*+3a’d’>x+3abd’x*+b>d’>x?) Log[c+dx}2>/
1

— | -prlLogla+bx] -
3b (a+bx)3

(3 (-bc+ad)’ (a+bx)?| -

P (e dy)d r‘7r‘(—qLog[c+dx]+Log[1=<a+bx)'°(c+dx>q]) .
Log[f (@+0x)” (e dx) }( Log|[f (a+bx>p(c+dx)q]

Log [e e’ (-p Log[a+bx]-qLog[c+d x]+Log[f (a+bx)P (c+dx)9]) (a +b X) pr

. r (-aLog[crdx]Log[f (atbx)P (c+d x)qU 2 1
(f(a+bx)P (c+dx)?) Log[f (a+6x)° (c1dx) ] }] -
9b (bc-ad)? (a+bx)
d’qr |-2pr+3qr-6r (-plogla+bx] -qlog[c+dx] +Log|[f (a+bx)P (c+dx)?]) -
6 |-prlogla+bx] -r (-plogla+bx]-qlog[c+dx]+Log[f (a+bx)P (c+dx)T])-

Log[f [a+bx)” e+ dx)?] P-MqLog[:gd[:](;:gx[;<<ac++bdxx>>pq](c+dx>q]) .

Log[e er (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)1]) (a +b X) pr
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('F (a+bx)p (C+dx)q) Log[ (a+bx)P (c+dx)9]

r (-qLog[c+dx]+Log[f (a+bx)P (c+dx)%])
r-

1
-—————d*qgrlogla+bx]

9b (bc-ad)’

(2pr‘+9qr‘6r‘ (-pLogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

6 |-prlogla+bx] -r (-plogla+bx]-qlog[c+dx] +Log[f (a+bx)P (c+dx)T])-

Log[f (a+bx)” (c+dx)?] |r- "4 Log[:gd[:](;tc;gx[; <(ac++bdxx>)pq](C ~dx)%]) +

Log[e e’ (-p Log[a+bx]-qLog[c+dx] +Log[f (a+bx)P (c+dx)9]) (a +b X) pr

1
+———————d3>qrLog[c+dXx]
9b (bc-ad)?

R r (-qLog[c+dx]+Log[f (a+bx)P (c+dx)%])
(f(a+bx)P (c+dx)?) Log[f (a+bx]” (crdx)7]

(2pr‘+9qr‘6r (-pLogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

6

-prlogla+bx] -r (-plogla+bx] -qloglc+dx] +Log[f (a+bx)P (c+dx)%]) -

Log|[f (a+bx)" (c+dx)] P-P<qLog[:gd[:](;:gx[;<<ac++bdxx>>pq](c+dx>q]) +

Log[e er (-p Log[a+bx]-qLog[c+d x]+Log[f (a+bX)P (c+dx)1]) (a +b X) pr

1
9b (bc-ad) <a+bx)2

('F (aerX)p (c+dx>q) - Log [ (a-bx)? (cdx)9]

r( qlog[c+dx]+Log[f (arbx)P (c+dx)?]] J

dgr [pr‘+3r‘ (-pLogla+bx] -qlog[c+dx] +Log|[f (a+bx)? (c+dx)%]) +

3|-prlogla+bx] -r (-pLogla+bx]-qLlog[c+dx] +Log|f (a+bx)P (c+dx)9]) -

-qlL d Log|f bx)? dx)1
Log[f(a+bx)p(c+dx)q] rbr‘( qloglc+dx] +Log| (a+bx)P (c+dx) ]) X
Log[f (a+bx)P (c+dx)7]
Log[e e (-p Log[a+bx]-qLog[c+d x]+Log[f (a+bx)P (c+dx)1]) (a +b X) pr

r‘_r( qlog[c+dx]+Log[f (arbx)P (c+dx)?])
(f(a+bx)P (c+dx)9) Log[f (a+bx)” (c+dx] ] }J] +

qur.Z 2d2q2r\2
+
3b(bc—ad) <a+bx)2 3b(bc—ad)2(a+bx)

Log[c +dx]

+

2d3g?’r?logla+bx] 2pgr?logl[a+bx]
3b(bc-ad)? 3b(a+bx)’

2qr

_ pr+3r (-plogla+bx] -qlog[c+dx] + Log|[f (a+bx)P (c+dx)q}> +
3
9b (a+bx)

3 [prLog[a+bx] -r (-pLogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -
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Log|f (a+bx)® (c+dx)f] r-r(qLog[:gd[:;:gx[)fp(<ac++t;xx)>pq}<c+dx)q]) ;

Log[e el (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)]) (a +b X) pr

r‘_r‘f\qch[cwdx]wLog[f(’a‘bx)p(C‘dxl‘q]‘;‘ 1
('F (a+bx)p (C +dX>q> Log[f (a+bx)P (c+dx)9] o
3 (bC—ad>3
sablgtqrpe | O Loglarbx)? (3ablc?-3albedra’d?) (1+loglasbx]]
" —
Z(bcfad)“ b2<bcfad)3(ab+bzx>

(3a?bc-2a*d) (1+2Log[a+bx])
+
4b* (bc-ad)® (a+bx)?
a® (1+3Llogla+bx])

9 b3 (bc—ad) <a+bx)3 i

¢ [Logla+bx) Log [ *e x| rpotytog[2, YEtn )| 4
(bc-ad)* 3(bc-ad)’

s w s 7(4ab3c3—6a2b2c2d+4a3bcd2—a4d3) Log[a+bx]27
2b°d*g°r
2b4(bc—ad)4

(6a?b?c?-8a*bcd+3a*d?) (1+Logla+bx])
b* (bc-ad)? (ab+b?x)
(4a*bc-3a*d) (1+2Logla+bx]) a* (1+3Logla+bx])

+

+

4 b* (bc—ad)z(a+bx)2 79b4 (bc-ad) <a+bx)3
ct (Log[a+bx] Log[%ﬂ + PolylLog|2, %]) )
d(bc-ad)*
g oot e osieba)
(bc-ad)? 2 (bc-ad)* (bc-ad)® (ab+b?x)
(2abc-a’d) (1+2Log[a+bx]) a’ (1+3Logla+bx])
- +
4 b2 (bc—ad)2<a+bx)2 9b? (bc-ad) (a+bx)3
c2d (Log[a+bx1 Log[b—b(%)—} +Polylog|2, %}) )
(bc-ad)*
1 b dpqr? cdzLog[a+bx]2+bcd(1+Log[a+bx]) )
3(bc-ad)’ 2 (bc-ad)? (bc-ad)® (ab+b?x)
c(1+2Logla+bx]) a(l+3Llogla+bx])

4 (bc-ad)?(a+bx)? ob (-bc+ad) (a+bx)?
cd? (Log[a+bx1 Log|2t=9XL] | polyLog |2, dlesbxl })J

bc-ad -bc+ad
(bc-ad)*
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cd?Logla+bx]2 bcd (1+Logla+bx])
+

2ab?c?d?’pqr?
2 (bc-ad)? (bc—ad)3(ab+b2x)

(bc—ad)3

c(1+2Logla+bx]) a(1+3Logla+bx])

4(bc—ad)2 (a+bx)2 79b (—bc+ad) (a+bx)3 .
cd? (Log[a+bx] Log[b—b(c*—dxﬂ +Polylog |2, ¢labx. })J

c-ad -bc+ad
(bc —ad)4

cd?Log[a+bx]2 bcd(1+Logla+bx])
+

2a’bcd®pqr?
2 (bc-ad)? (bc—ad)g(ab+b2x)

(bc—ad)3

c(1+2Logla+bx]) a(1+3Logla+bx])

4(bc—ad)2(a+bx)279b(—bc+ad) (a+bx)3

cd? (Logla+bx] Log[ %] 4 PolyLog[2, (22X ])

bc-ad -bc+ad _
(bc—ad)4
1 2a®dpqr cdzLog[a+bx]2+de(1+L0g[a+bx])_
3(bc-ad)’ 2 (bc-ad)? (bc-ad)? (ab+b2x)
c(1+2Logla+bx]) a(1+3Logla+bx])

4(bc—ad)2(a+bx)279b(—bc+ad) (a+bx)37

cd? (Log[a+bx} Log[b—b(“—d;()-} +Polylog|[2, ¢labx. }) 1
_ y

c-a -bc+ad

(bcfad)4 bc—ad)3

8 a7 g g2 2 cd?Logla+bx]2 bcd(1+Log[a+bx]) c(1+2Log[a+bx})
N _ _
2(bc—ad)4 (bc—ad)3(ab+b2x) 4(bc—ad>2<a+bx)2

a(l+3logla+bx]) o (Logla+bx] Log[ %<2 ] PolyLog[2, L20x]]
- +
9b (-bc+ad) (a+bx)3 (bc—ad)4
;2b3c3dpr‘2 (-pLogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T])
(bc-ad)?

cd?Llogfa+bx]2 bcd(l+Llogla+bx]) c(l+2Llogla+bx])
N _

2(bc-ad)® (bc-ad)®(ab+b?x) 4(bc-ad)?(arbx)®

a(1+3Logla+bx]) i cd? (Log[a+bx] Log[bbﬁsz | +PolyLog|2, d,bac++baxd ]) )
9b (-bc+ad) (a+bx)3 (bc-ad)*

6ab’>c?d’pr? (-plogla+bx] -qlog[c+dx]+Log[f (a+bx)P (c+dx)?])
(bc—ad)3

cd?logla+bx]2 bcd(1+Logla+bx]) c(l+2Logla+bx])
. _ _
2 (bc-ad)* (bc-ad)® (ab+b?x) 4 (bc-ad)?(a+bx)?
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a(1+3Logla+bx]) _ch(Log[a+bx]Log[%jﬁ—jﬂwolng[z, dasox ) )
9b (-bc+ad) (a+bx)’ (bc-ad)*

—————6a’bcd’pr? (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T])
(bc-ad)?

cd?Logla+bx]2 bcd(l+Llogla+bx]) c(l+2Llogla+bx])
+

2(bc—ad)4 (bc—ad)B(ab+b2x) 4(bc:—ad)2(a+bx)2

a(l1+3Logla+bx]) cd? (Log[a+bx] Log[%ﬂ + Polylog|2, dﬁ,a;—:)j‘])
9b (-bc+ad) (a+bx)3 (bc—ad)4
2a’d*pr? (-plogla+bx] -qlog[c+dx] + Log[f (a+bx)P (c+dx>q])
(bc-ad)?
cd?Logla+bx]2 bcd (1+Logla+bx]) ¢ (1+2Logla+bx]) a(l+3Llogla+bx])
+ _

2 (bc—ad)4 (bc—ad)3 (ab+b?x) 4(bc—ad)2 (a+bx)2 _9b (-bc+ad) (a+bx)3

c d? (Log[a+bx} Log[%} + PolyLog|2, %}) 1
(bc—ad)4 (bc—ad)3

2b3c3dpr (—pr‘Log[a+bx} -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

-qL d Log|f bx)P dx)?

Log[f (a+bx)P (c+dx)?] r‘—r‘( 9Loglcdx] +Log[f [a:bx]” (c+dx)7]) +
Log[f (a+bx)P (c+dx)?]

Log[e e (—p Log[a+b x]-q Log[c+dx]+Log[f (a+bx)P (c+d x)q” <a n bx)pr

r (-qLog[c+dx]+Log[f (a+bx)P (c+dx)]] 2 2
(f(a+bx)P <c+dx)q>r7 : gLog[fw'a‘ngl"(C‘dX,‘“] ]] cd’Ltogla+bx] +
2 (bc-ad)?
bcd (1+Logla+bx]) ¢ (1+2Logla+bx]) a(l+3Logla+bx])

(bc—ad)3 (ab+b?x) 4(bc—ad)2 (a+bx)2 79b (-bc+ad) (a+bx)3 i

ca (Loga b Log[ %92 | L polylog[2, 405 |
(bc-ad)“ (bc—ad)3

6ab’c>d’pr |-prlogfa+bx] -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

-qlL d Log|f bx)P dx)1
Log[f (a+bx)P (c+dx)?] [r‘—r( qLloglc +dx] + Log|f (a+bx)? (c+dx)T]) +
Log[f (a+bx)P (c+dx)?]
Log{e @r (-pLog[a+bx]-gLoglcrdx]+Log[f (a+bx)P (c+dx)?]) <a + bX)pP

_r[-atog[crdx]+Log[f (a+bx)P (crdx)?]) 2 2
(f(a+bx)P (c+dx)9) el (o (o] ] cd’loglarbx]”
2 (bc—ad)4
bcd (1+Logla+bx]) ¢ (1+2Logla+bx]) a(l+3Logla+bx])

(bc—ad)3 (ab+b?x) 4(bc—ad)2 (a+bx)2 _9b (-bc+ad) (a+bx)3
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bc-ad -bc+ad

c d? (Log[a+bx] Log [ 24X, polylog|2, ML]) ] 1
+
(

(bc:—ad)4 bc—ad)3

6a’bcd’pr |-prlogla+bx] -r (-plogla+bx]-qlog[c+dx] +Log[f (a+bx)P (c+dx)?]) -

> (e rdxla] [ F{-atoglc+dx] +Log[f (a+bx)® (c+dx)¥]))
Log[f (a+bx)P (c+d )][ Log[f (a+bx)P (c+dx)]

Log {e e’ (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)]) <a +b X) pr

_r[-atog[crdx]+Log[f (a+bx)? (crdx)?]) 2 2
(f (a+bx)? (c+dx)?)" T alt el (oo ] cditoglarbx]”
2 (bc—ad)4
bcd (1+Logla+bx]) ¢ (1+2Logla+bx]) a(l+3Llogla+bx])

(bc—ad>3 (ab+b?x) 4<bc—ad)2 (a+bx)2 79b (-bc+ad) (a+bx)3

cd? (Log[a+bx] Log [ 24X, polyLog|2, ML])

b
bc-ad -bc+ad 1

(bc—ad)3

(bc-ad)*
2ad*pr [—pr‘Log[a+bx} -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

Log[f (a+bx)? (c+dx)] "-r(qLog[:gd[:]@:gx{)fp((ac++zxx)>pq}(c+dxm) .

Log {e e’ (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)]) <a +b X) pr

r(-alog[c+dx]+Log[f (a+bx)P (c+dx)?]]

(f(a+bx)? (c+dx)?) Log[£ (abx)? (crdx] ] ]

cd?Llogfa+bx]2 bcd(l+Llogla+bx]) c(l+2Logla+bx])
N

2 (bc-ad)* (bc-ad)® (ab+b?x) 4 (bc-ad)®(a+bx)?

a(l1+3Llogla+bx]) <& (Log[a+bx] Log[ *(<4x-] 4 polyLog[2, =X ])
- +
9b (-bc+ad) (a+bx)3 (bc—ad)4
S 2ab’c*dpqr? d’Logla+bx]? bd?(1+Llogla+bx]) +
3(bc—ad)3 Z(bcfad)4 (bc—ad)3(ab+b2x)
d(1+2Logla+bx]) 1+3Log[a+bx]
+ +
4(bc—ad)2(a+bx)2 9(—bc+ad) (a+bx)3
d3 (Log[a+bx] Log{J—Lbbzi:;‘ | +PolyLog|2, J—Ldiba;baxd ]) ) 1
(bc—ad)4 (bc—ad)3
d®Log[a+bx]2 bd? (1+Llogla+bx]) d(1+2Logla+bx])

- - + +

2a’bc?d’pqr?
2(bc-ad)* (bc-ad)® (ab+b?x) 4 (bc-ad)®(a+bx)?
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1+3Log[a+bx] d3 (Log[a+bx] Log[ﬁ)—] +PolylLog|2, %]) 1
+ +
9 (-bc+ad) (a+bx)’ (bc-ad)* (bc-ad)?

3 3 ,| dLogla+bx]? bd?(1+Logla+bx]) d(1+2Logla+bx])
2a*cd’pqrs |- - + i
2 (bc-ad)* (bc-ad)® (ab+b?x) 4 (bc-ad)®(a+bx)?

1+3Log[a+bx] d? (Log[a+bx] Log[%] + PolyLog|2, %])
+ _
9 (-bc+ad) (a+bx)’ (bc-ad)*
3 2 bd? (1+L b d(1+2L b
1 3234d4pqr'2 d Log[a+bxj ) (1+Logla+bx]) . (1+ ogz[a+ x])2+
3b (bc-ad) 2 (bc-ad) (bc—ad)3<ab+b2x) 4 (bc-ad)® (a+bx|
Lo stogianox) @ (10810 b tog HES potytog(2, %205 |
N
9 (-bc+ad) (a+bx)’ (bc-ad)*
%Za“d“qzr‘z _dsLog[a+bx12_ b d2 (1+L:)g[a+bx}> . d(1+2Log2[a+bx])2+
3b(bc-ad) 2(bc-ad)® (bc-ad)’®(ab+b?x) 4 (bc-ad)®(a+bx)
1+3Log[a+bx] d> (Log[a+bx] Log[ /XL ] . polyLog[2, ¢ (22X )
+ +
9 (-bc+ad) <a+bx)3 (bc—ad>4
;2b3c“pr‘2 (-pLlogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T])
(bc-ad)?

d®Llogla+bx]2 bd?(1+Llogla+bx]) d(1+2Logla+bx])
- - + +

2(bc-ad)* (bc-ad)’(ab+b?x) 4(bc-ad)®(a+bx)?

1.3t0gfasbx) ¥ [Loglarbx) Log[ {0 polylog[2, 422 ]|
+ —_
9 (-bc+ad) <a+bx)3 (bc—ad)4

ﬁ6ab2c3dpr‘2 (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T])
bc-ad

d®Llogla+bx]2 bd?(1+Llogla+bx]) d(1+2Logla+bx])
- - + +

Z(bc—ad)4 (bc—ad)B(aberZx) 4(bc—ad)2(a+bx)2

1-3t0giarbx ¥ (Loglarb tog fE < Polylog[2, fn )
’ +
5 (-bcrad) (arbx)’ bc-aa)’
6a2bc?d?pr? (—pLog[aerx} -qlog[c+dx] +|_og[f (a+bx>p (c+dx)q”
(bc-ad)?

d®Logla+bx]2 bd?(1+Llogla+bx]) d(1+2Logla+bx])
- - + +

2 (bc-ad)? (bc-ad)® (ab+b?x) 4 (bc-ad)®(a+bx)?
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1+3logla+rbx] d? (Log[a+bx] Log[ﬁ)—] + PolyLog|2, %]) )
9 (-bc+ad) (a+bx)’ (bc-ad)*
;2a3cd3pr'2 (-pLogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T])
(bc-ad)?
d®Logla+bx]2 bd?>(1+Llogla+bx]) d(1+2Logla+bx]) 1+3Log[a+bx]

- + + +

Z(bc—ad)4 (bc—ad)B(ab+b2x> 4(bc—ad)2(a+bx)2 9 (-bc+ad) (a+bx)3

¢ (Log(a+bx] Log[ /%1 ] 4 PolyLog[2, (=2X])

bc-ad -bc+ad 1

(bc—ad)3

(bc—ad)4
2b3c*pr {pr‘Log[a+bx] -r (-plogla+bx] -qglog[c+dx] +Log[f (a+bx)P (c+dx)9]) -
r(-qloglc+dx] +Log[f (a+bx)P (c+dx)?])

Log[f (a+bx)P (c+dx)?]
Log{e@r (-p Log[a+bx]-qLog[c+dx] +Log[f (a+bx)P (c+dx)]) (a +bX)Pf‘

Log[f (a+bx)P (c+dx)?] |r-

+

pr (-aLog[c+dx]+Log[f (a+bx)P (c+dx)?])

(f(a+bx)P (c+dx)?) Log [ (arbx)" [crdx) ] ]

2 (bc-ad)? (bc-ad)® (ab+b2x) 4<bc—ad)2(a+bx)2+

[ d3Logla+bx]? bd?(1+Logla+bx]) d(1+2Llogla+bx])
- +

1+3Log[a+bx] d3 (Log[a+bx] Log[—(—)—bb:j: | +PolylLog|2, J_Ld_bac++baxd ]) 1
N _
9 (-bc+ad) (a+bx)? (bc-ad)* (bc-ad)?
6ab’c*>dpr |-prlogla+bx] -r (-plogla+bx]-qlog[c+dx] +Log[f (a+bx)P (c+dx)?]) -

-qlL d Log|f bx)P dx)?
Log|[f (a+bx>p(c+dx>q] [r‘r‘( qLoglc +dx] « Log| (3+bx)” (c+dx) ”]+
Log[f (a+bx)P (c+dx)?]
Log[e e’ (-pLog[a+bx]-qLog[c+dx]+Log[f (a+bx)P (c+dx)?]) <a + bx)pr‘

r r [—q Log[c+dx] +Log|[f (atbx)? (c+dx]“”

(f(a+bx)P (c+dx)?) Log[F (a:bx]” (crdx) ] ]

- + +

d3Logla+bx]? bd?(1+Logla+bx]) d(1+2Llogla+bx])
2 (bc-ad)? (bc—ad)3(ab+b2x) 4<bc—ad)2(a+bx)2

1.3loglarbx) o [Logla+bx] Log[ 2], Polylog[2, ti2x ]| 1
* +
9(—bc+ad) (a+bx>3 (bC—ad)“ (bcfad>3

6a’bc?d’pr

-prlogla+bx] -r (-plLogla+bx] -qloglc+dx] + Log|[f (a+bx)P <c+dx)q]) -

Log[f (a+bx)P (C+dx>q] [f‘ " (~aloglc+dx) +Log[f (a+bx)” (C+dx)q” ] +

Log[f (a+bx)P (c+dx)?]
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Log {e el (-p Log[a+bx]-qLog[c+dx] +Log[f (a+bx)P (c+dx)]) <a +b X) pr

p " [-aLog[c+dx]+Log[f (a+bx)P (c+dx)?])

<‘F (a+bx>p <c+dx)q> Log[F (arbx)P [crdx)7] ]

+

d®Log[a+bx]2 bd? (1+Llogla+bx]) d(1+2Logla+bx])
- - +
2 (bc-ad)? (bc-ad)® (ab+b?x) 4 (bc-ad)®(a+bx)?

1+3Log[a+bx] ) d3 (Log[a+bx] Log{—(—)—bbzizz | +PolyLog|2, J—Ldiba;baxd ]) ) 1
9 (-bc+ad) (a+bx)? (bc-ad)* (bc-ad)?

2atcd®pr (pr‘Log[aerx} -r (-plogla+bx] -qglog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

-qglog[c+dx] +Log[‘F (a+bx)p (c+dx)q” J N
Log[f (a+bx)p (c+dx)q}

Log [e e’ (-p Log[a+bx]-qLog[c+dx] +Log[f (a+bx)P (c+dx)]) <a +b X) pr

Log[f (a+bx)P (c+dx)%] [r‘— r

r [-aLog[c+dx]+Log[f (a+bx)P (c+dx)])

<'F (a + bx>P <C +d X)Q)” Log[f (a+bx)P (c+dx)9] ]

- + +

Z(bc—ad)4 (bc—ad)3(ab+b2x) 4(bc7ad)2(a+bx)2
b (c+dx) } +PolyLog[2, d (a+bx) ])]

{ d®Log[a+bx]2 bd? (1+Llogla+bx]) d(1+2Logla+bx])

d3 (Log[a+bx] Log |
.
9 (-bc+ad) (a+bx)? (bc-ad)*

1+3Logla+bx] bc-ad -bcrad

Problem 24: Result more than twice size of optimal antiderivative.

dx

JLog[e (f (a+bx)P (c+dx)q)'"]2

<a+bx)5

Optimal (type 4, 884 leaves, 32 steps):
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p? r? 7dpqr? 3d’pqr?
- +
32b (a+bx)* 72b(bc-ad) (a+bx)> 16b(bc-ad)® (a+bx)?
d? g% r? 5d3pqr? 5d3 g2 r?
N _

12b (bc—ad)2 (a+bx)2 _8b (bc—ad)3 (a+bx) 12b (bc—ad)3 (a+bx)

d*pgr?logla+bx] 11d*g’r?Llogla+bx] d*pqgr?logla+bx]? d*pqr?Log[c+dx]
+ + +
8b(bc-ad)* 12b (bc-ad)* 4b (bc-ad)* 8b(bc-ad)*

d (a+bx
J—Lb&ad | Log[c+dx]

12b (bc-ad)* 2b(bc-ad)* 4b (bc-ad)*

d*q’r? Log[a + bx] Log[* /<] priogle (£ (a+bx)P (c+dx)9)"]

11d* g2 r2 Log[c +d x] d*pgr?Log|- d* g2 r2 Log[c + d x] 2

+

2b(bc-ad)* 8b (a+bx)*
dqrLogle (f (a+bx)P (c+dx))"] +dzqr‘Log[e (f(a+bx)P (c+dx)9)"]
6b (bc-ad) (a+bx)? 4b (bc-ad)? (a+bx)?

d*qrlogle (f (a+bx)P (c+dx)9)"] d*qrlogla+bx] Log[e (f(a+bx)P (c+dx))"]

.
2b (bc-ad)® (a+bx) 2b (bc-ad)*

dar Loglcdx] Log[e [ (a+bx]? (c+dx)%)"] Log[e [£ (a+bx)” [c+dx]%)]?

s
2b(bc-ad)* 4b (a+bx)*

d* g2 r2 Polylog|[2, - 22X ] g4 pqr? Polylog|2, 2le+dXL]
bc-ad bc-ad

2b (bc-ad)? 2b(bc-ad)*

Result (type 4, 14 321 leaves):
p>r? (8Log[a+bx] +32Logla+bx]?+64Logla+bx]?)

+

256b (a+bx)*Log[a+bx]
(@®r? (-b*c*+4ab’cPd-6a’bc*d*+4a’cd’+4a’d* x+6a’bd* x> +4ab’d* X+ b>d* x*)
1

Log[c+dX]2)/(4 (7bc+ad)4 (a+bx)4) 7W

-prlLogla+bx] -

b et dx)d r‘_r'<—qLog[c+dx]+Log[1‘<a+bx)'o(c+dx>q]) .
LOg['F <a+bX) ( ‘ ) } ( Log[-F (a+bx>p<c+dx)q]

Log[e er (-p Log[a+bx]-qLog[c+d x]+Log[f (a+bx)P (c+dx)9]) (a +b X) pr

2

Pir(—qLog[udx}Log['F(a+bx]p(CAdx)qH 1
(f (a+bx)P (c+dx)T) Log[£ (a+bx]7 (crdx] ] -
48b (bc-ad)® (a+bx)?
d*qr |-3pr+4qr-12r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)?]) -

12 [-prlogla+bx] -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)?]) -
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Log[ee'" (-p Log[a+bx]-qLog[c+d x]+Log[f (a+bX)P (c+dx)9]) (a N bX)Pf‘
1
24b (bc—ad)3 (a+bx)

. r r\Lq Log[c+d x| +Log[f (a+bx)P (c+dx)?]|
+

(-F <a+bx)p (CerX)q) Log[f (a+bx)P (c+dx)?]

d>qr [—3pr‘+1eqr‘—12r‘ (-pLogla+bx] -qlog[c+dx] +Log|[f (a+bx)P (c+dx)%]) -

12 [-prlogla+bx] -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)?]) -

Log [ f (a+bx)” (c-dx]*] P-MqLog[:gd[:](;:gx[;<<ac++bdxx>>pq](c+dx>q]) :

Log[e el (-p Log[a+bx]-qLog[c+d x]+Log[f (a+bx)P (c+dx)1]) (a +b X) pr

1
+ ———d*qrlogla+bx]

24b (bc—ad)4

('F (a+bx)p (c+dx>q) - Log[F (a+bx)? (crdx)9]

r (—q Log[c+d x| +Log[f (a+bx)P (c+dx)9]) J

-3pr+22qr-12r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

12 [-prlogla+bx] -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)?]) -

Log[ (a+bx]® (c+dx)] f‘P<_qLog[:gd[:](;:gx[;<<ac++bdxx)>pq](c+dx>q]) .

Log [e e" (7p Log[a+b x]-q Log[c+d x]+Log[f (a+b x)P (c+d x)q}) (a +b X) pr

- r
24b (bc-ad)*

('F <a+bx)p (C+dx)q) Log [ (asb x)” (crdx)9]

d*qrLlog[c+dx]

r (-qLog[c+dx] Log[f (a+bx)P (c+dx)]) J
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5ab3d5q2r‘2{

(6a?b?c?-8a*bcd+3a*d?) (1+2Log[a+bx])
+
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2 (bc-ad)’ (bc-ad)* (ab+b?x) 4 (bc-ad)’(a+bx)?

(2abc-a’d) (1+3Log[a+bx]) a’ (1+4Llogla+bx])

9 b2 (bc—ad)z(a+bx)3 716b2 (bc-ad) (a+bx)47
c2 d2 (Log[a+bx] Log[%ﬁl] + PolyLog|2, %L”
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4 (bc-ad)’® (a+bx)? 9(bc—ad>2(a+bx)3716b(—bc+ad) (a+bx)*



Mathematica 11.3 Integration Test Results for 3.2.3 u log(e (f (a+b x)~p (c+d x)~g)r)"s.nb | 19

-bc+ad

cd® (Log[a+bx] Log[%ﬂ +Polylog|2, MM})J

(bc—ad)5

cd3Logla+bx]2 bcd? (1+Llogla+bx])

- - +

2(bc-ad)® (bc-ad)* (ab+b?x)
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¢ (1+3Logla+bx]) a(l+4Logla+bx])

9 (bc:—ad)2 (a+bx)3 716b (—bc+ad) (a+bx)4

cd? (Log[a+bXJ LOg[J%L} +PolyLog[2, %L}) J .
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cd®logla+bx]?2 bcd?®(l+logla+bx]) cd(l1+2Llogla+bx]) «c(1+3Llogla+bx])

+ — —

2 (bc-ad)® (bc-ad)* (ab+b?x) 4 (bc-ad)’(a+bx)> 9(bc-ad)?(a+bx)’
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Log [e e (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bXx)P (c+dx)]) <a +b X) pr

r [-avLog[cedx]+Log|f (asbx]P (c-dx)?])

<‘F (a+bx>p <c+dx>q>p_ Log [ (asbx)? [ced )] ]




22 | Mathematica 11.3 Integration Test Results for 3.2.3 u log(e (f (a+b x)™p (c+d x)~g)r)~s.nb

cd3Llogla+bx]2 bcd?(1+Llogla+bx]) cd(1+2Llogla+bx])

_ _ + _
2(bc-ad)® (bc-ad)* (ab+b?x) 4 (bc-ad)’(a+bx)?
¢ (1+3Logla+bx]) a(l+4Llogla+bx])

- +
9 (bc—ad)2 (a+bx)3 16b (—bc+ad) (a+bx)4

cd? (Log[a+bx] Log["fﬁﬁ—jf] +Polylog|2, %]) . 1
(bc:—ad)5 (bc—ad)4

2a*d°pr [—pr‘Log[a+bx} -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

r(-qLloglc+dx] +Log[f (a+bx)P (c+dx)?])
Log[f (a+bx)P (c+dx)?]

Log {e e’ (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)]) <a +b X) pr

+

Log[f (a+bx)P (c+dx)?] |r-

r(-alog[c+dx]+Log[f (a+bx)P (c+dx)?]]

<'F (a+bx>p <c+dx>q>r_ Log[f (a+bx)P (c+dx)?] ]
cd3Llogla+bx]2 bcd? (1+Llogla+bx]) cd(l+2Llogla+bx])
_ _ + _
2(bc-ad)® (bc-ad)* (ab+b?x) 4 (bc-ad)’(a+bx)?
¢ (1+3Logla+bx]) a(l+4logla+bx])

+

9 (bc—ad)2 (a+bx)3 ) 16b (-bc+ad) (a+bx)4
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blesdxl ] | polylog[2, dLasbxL }) J )

8a’bc?d®pr? (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)9])
(bc—ad)4

- + +

2 (bc-ad)’ (bc-ad)* (ab+b2x) 4 (bc-ad)®(a+bx)®> 9 (bc-ad)®(a+bx)’

d*Logla+bx]? bd®(1+Llogla+bx]) d?(1+2Log[a+bx]) d(1+3Logla+bx])
+

1+4Llog[a+bx]

b (c+dx) d (atbx)
7d4 (Log[a+bx} Log| bZ,aZ | +PolylLog|2, 7bac+axd }) )
16 (-bc+ad) (a+bx)4 (bc:—ad)5
2a*cd*pr? (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)])
(bc-ad)*
d*Logla+bx]? bd®(1+Llogla+bx]) d?(1+2Logla+bx]) d(1+3Logla+bx])
+ - + +
2 (bc-ad)® (bc-ad)®(ab+b?x) 4(bc-ad)’(a+bx)? 9 (bc-ad)?(a+bx)’
1+4Log[a+bx] d4(Log[a+bx1 Log{J—HbziZ;‘ | +PolyLog|2, J—Ldiba;baxd” 1
- +
16 (-bc+ad) (a+bx)* (bc-ad)® (bc-ad)*

2b*cSpr {—pr‘Log[aerx} -r (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

Log[f (a+bx)” (c+dx)9] [r—  (~qlogic+dx) + Log[f (a+bx]” [c+dx)) ] +

Log[f (a+bx)P (c+dx)?]
Log[e e’ (-p Log[a+bx]-qLog[c+dx] +Log[f (a+bx)P (c+dx)]) <a +bX)pP

n r(-qLog[c+dx]+Log[f (a+bx)P (crdx)]]
(f(a+bx)P (c+dx)9) Log [ (a+0x)" [crdx|] ]

+

d*logla+bx]2 bd®(l+logla+bx]) d?(1+2Logla+bx])

{ 2(bc-ad)® (bc-ad)* (absb?x] 4 (bc-ad)® (a+bx)?
d(1+3Log[a+bx]) 1+4Llogla+bx]
9(bc—ad)z(a+bx)3+16(—bc+ad) (a+bx)*

T
|

b
bc-ad -bc+ad

(bc—ad)5 bc—ad)4
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8ab3c*dpr {pr‘Log[aerxJ -r (-plog[a+bx] -qglog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

r (-qLlog[c+dx] + Log|[f (a+bx)P (c+dx)q”
Log[f (a+bx)P (c+dx)q}

Log {e el (-p Log[a+bx]-qLog[c+dx]+Log[f (a+bx)P (c+dx)]) <a +b X) pr

+

Log[f (a+bx)P (c+dx)?] [r‘—

r (-qLog[c+dx]+Log[f (a+bx)P (c+dx)]]

(f(a+bx)P (c+dx)?) Log [ (a+0)? (c+dx]] ]

+

d*logla+bx]2 bd®(l+logla+bx]) d?(1+2Logla+bx]) d(1+3Logla+bx])
+ - +
Z(bc—ad)5 (bc—ad)4(ab+b2x) 4(bc—ad)3(a+bx)2 9(bc—ad)2(a+bx)3

1-atoglacbx 4 [togarbx) Log[ "] < polytog[2, TN |
- +
16(—bc+ad) <a+bx)4 (bC—ad)S

12a’b2c3d’pr |-prlogla+bx] -

(bc-ad)*
r(-pLlog[a+bx] -qlog[c+dx] + Log|[f (a+bx)P (c+dx)q}) -
r(-qLloglc+dx] +Log[f (a+bx)P (c+dx)?])
Log[# (a+bx)? (c+dx)] J

Log {e e’ (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)]) <a +b X) pr

Log[f (a+bx)P (c+dx)?] [r

Pt (-aLog[c+dx]+Log[f (a+bx)P (c+dx)?])

(f (a+bx)P (c+dx)9) Log 7 [abx]? (crdx)] ]

d*Logla+bx]2 bd®(1+Llogla+bx]) d?(1+2Logla+bx])
. -
2(bc-ad)® (bc-ad)*®(ab+b?x) 4(bc-ad)’®(a+bx)?

+

d(1+3Logla+bx]) 1+4Llog[a+bx]

.
9 (bc—ad)2 (a+bx)3 16 (-bc+ad) (a+bx)4

c Logla - bx) Log  fe2] cpoytog[2, L0 ) | 4
(bc-ad)® (bc-ad)*

8a’bc>d>pr |-prlogla+bx] -r (-plogla+bx]-qlog[c+dx] +Log[f (a+bx)P (c+dx)T]) -

r(-qLloglc+dx] +Log[f (a+bx)P (c+dx)?])
Log[f (a+bx)P (c+dx)?]

Log {e e" (—p Log[a+b x]-q Log[c+dx]+Log[f (a+b x)P (c+d X)q” <a +b X) pr

+

Log[f (a+bx)P (c+dx)?] [r

r (-qLog[c+dx]+Log[f (a+bx)® (c+dx)?])

(f (a+bx)P <c+dx)q>r_ Log[f (abx] (crdx)] ]

+

d*Logla+bx]2 bd®(1+Llogla+bx]) d?(1+2Logla+bx])
. _

2(bc-ad)® (bc-ad)*®(ab+b?x) 4(bc-ad)’(a+bx)?
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d(1+3Logla+bx]) 1+4Llog[a+bx]

+ —

9(bc-ad)? (a+bx)? 16 (-bc+ad) (a+bx)*

d* (Log[a+bx] Log[ 24Xl ] | polylog|2, dlaox. ]) 1
N
(b

b
bc-ad -bc+ad

(bc—ad)5 c—ad)4

2a*cdpr (pr‘Log[aerx} -r (-plogla+bx] -qlog[c+dx] + Log[f (a+bx)P (c+dx)q]) -

r(-qLloglc+dx] +Log[f (a+bx)P (c+dx)?])
Log[f (a+bx)P (c+dx)?]

Log [e e’ (-pLog[a+bx]-qLog[c+dx]+Log[f (a+bx)P (c+dx)?]) (a +b X) pr

+

Log[f (a+bx)P (c+dx)?] |r-

r (7q Log[c+d x| +Log[f (a+bx)P (c+d x)“”

(f(a+bx)P <c+dx)q>r7 Log[F (310x]7 (crax]9] ]

+ +

2(bc-ad)® (bc-ad)* (ab+b?x) 4 (bc-ad)®(a+bx)®> 9 (bc-ad)?(a+bx)’

[d4Log[a+bx]2 bd® (1+Logla+bx]) d?(1+2Logla+bx]) d(1+3Llogla+bx])
. _

1+4Llogla+bx] d* (Log[a+bx] Log[%ﬁl] +P01yLog[2, %])
16 (-bc+ad) (a+bx)* (bc-ad)®

Problem 40: Result more than twice size of optimal antiderivative.

dx

JLog[e (f (a+bx)P (c+dx)q)”]2
<g+hx)2

Optimal (type 4, 832 leaves, 31 steps):
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d (a+bx)

2bpqr?log|- | Log[c+dx] 2dpqr?Log[a+bx] Log| <9 ]

bc-ad bc-ad 1
¥ - 2bpr
h(bg-ah) h(dg-ch) h(bg-ah)
Log[a+bx] (prLlogla+bx] +qrLog[c+dx] -Logle (f(a+bx)P (c+dx))"]) N
h (dg-ch)
2dqrlog[c+dx] (prLlogla+bx] +qrlog[c+dx]-Log[e (f(a+bx)P (c+dx)9)"]) -
ri2
Logle (f (a+bx)P (c+dx)?)"] . 1 2bpr
h (g+hx) h(bg-ah)
(priLogla+bx] +qrloglc+dx] -Logle (f (a+bx>p(c+dx)q)r})Log[g+hx}+;
h(dg-ch)

2dqr (prlogla+bx] +qrLoglc+dx] -Logle (f(a+bx)? (c+dx)?)"]) Log[g+hx] -

2dpqgr?logla+bx] Log[%i:—:L] 2bpgr?Lloglc+dx] Log[ﬂdit:—:L]

h(dg-ch) h(bg-ah)

2bp?r?logla+bx] Log[l+ ﬁiﬁ} 2dq?*r?Loglc+dx] Log[1+ ﬁﬁ]

h(bg-ah) h(dg-ch)

2 W2 _ _bg-ah d (a+b 2 _h(atbx)
2bp2r?Polylog|2, h<a+bx>] 2dpqr?Polylog|2, ,A_Lb:_az ] ) 2dpqr?Polylog|2, A ]

h(bg-ah) ' h (dg-ch) h(dg-ch)

2 p2 _-dg-ch b (crdx) 2 _hi(cedx)
2dg?r?Polylog|2, hmdx)] 2bpqr?Polylog[2, 2 <Xk]  2bpgr PolyLog|2, g ch ]

h(dg-ch) ' h(bg-ah) h (bg-ah)

Result (type 4, 2930 leaves):
1
h(-bg+ah) (-dg+ch) (g+hx)

-bdg?p?r?Llogla+bx]?+bcghp?®r?logla+bx]?2-bdghp?r?xLlogla+bx]?+

bch?p?r?xLlogla+bx]?2-2bdg?pqgr?logla+bx] Log[c+dx] +
2adghpqr?logla+bx] Log[c+dx] -2bdghpqgr?xlog[a+bx] Log[c+dx] +
2adh’pgr?xlog[a+bx] Log[c+dx] -bdg?qg®*r?Log[c+dx]%+

adghg?r?log[c+dx]?-bdghg*r?xLlog[c+dx]?+adh®g®r?xLlog[c+dx]?+

h (c+dx) h (c+dx)
2bcghpqr’logla+bx] Log[————|-2adghpqgr?logla+bx] Log|——] +
-dg+ch -dg+ch
h d h d
2bch?pgr?xLlogla+bx] Log[M]—2adh2pqr\2x|_og[a+bx] Log[M _
-dg+ch -dg+ch
h d h d h d
bcghpqrzLog[Mr*adghpqr‘zLog[M]szcthqrzxLog[M2+
-dg+ch -dg+ch -dg+ch
h d - bg-ah d
adhzpqr‘zxLog[M]2+2bcghpqr‘2Log[M} Log[< g-ah) (c+ X)}_
-dg+ch d(a+bx) (dg-ch) (a+bx)
- bg-ah d
2adghpqr‘2Log[M] Log{( g-ah) (c+dx) +
d(a+bx) (dg-ch) (a+bx)
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_ bg-ah d
2bch2pqr'2xLog[dbc4+ad Log[< g-ah) (e X)},
(a+bx) (dg-ch) (a+bx)
_ bg-ah d
2adh2pqr‘2xLog[dbc—+ad Log{< g-ah) fc- X)}+
(a+bx) (dg-ch) (a+bx)
e 2| [h(c+dx) ) [(bg—ah) (c+dx)
c r2Log| — | Lo -
gnpd & -dg+ch (dg-ch) (a+bx)
D adeh 2| [h(c+dx)]L [(bg—ah) (c+dx)

a r2Log| — | Lo +
gnpa 8 -dg+ch (dg-ch) (a+bx)
2bch2pqr‘2xLog{M Log{<bg7ah> (c+dx) -

-dg+ch (dg-ch) (a+bx)
2adh2pqr‘2XLog[M Log{<bg_ah> <C+dX) _
-dg+ch (dg-ch) (a+bx)

(bg—ah) (C+dx>]2+adghpqr‘2Log[(bgiah> (c+dx) 2
(dg-ch) (a+bx) (dg-ch) (a+bx)

bcthqr‘zxLog[(bgiaM <C+dx>]ZJradthqr‘ZxLog[ (bg-ah) [c+dx) .2
(dg-ch) (a+bx) (dg-ch) (a+bx)

2bdg’prlogla+bx] Logle (f(a+bx)? (c+dx))"] -

2bcghpriogla+bx] Logle (f (a+bx)P (c+dx)?)"] +

2bdghprxlogla+bx] Logle (f (a+bx)P (c+dx))"] -

2bch?prxlogla+bx] Logle (f(a+bx)P (c+dx)9)" |+

(a+bx)P (c+dx)9)"] -

bcghpqr?Log|

2bdg’qrlog[c+dx] Log|e (f

2adghqrioglc+dx] Logle (f (a+bx)P (c+dx)?)"] +

2bdghqrxlog[c+dx] Logle (f (a+bx)P (c+dx))"] -

2adh*qrxlog(c+dx] Logle (f (a +bx>p(c+dx)q)r‘}—

bdg?Logle (f (a+bx)P (c+dx)?)" )? +bcghLog[e (f (a+bx)P (c+dx)1 '"}2+
a

)
adghlogle (f (a+bx)P (c+dx)9)" ] ~ach?logle (f (a+bx)p(c+dx)q)'ﬂ}
b

h
2bdgZpqr?logla+bx] Log[M]+2adghpqr‘2Log[a+bx} Log |
bg-ah bg-ah
b (g+hx)
2bdghpqr’xLlogla+bx]Log|—————]+2adh*pqr’xLog[a+bx] Log|
bg-ah bg-ah
h d b h
Zbngpqr\ZLog[M LOg{M _
-dg+ch bg-ah
h d b h h d
2bcghpqr‘2Log[g Log M]+2bdghpqr‘zxLog[u
-dg+ch bg-ah -dg+ch
b h h d b h
Log[ B ) oy 2 gt x Log[ TSNy g 2LEERX) )
bg-ah -dg+ch bg-ah
b (g+hx)
2bdg’prlogle (f (a+bx)P (c+dx)9)"]| Log[————] +
bg-ah
b(g+hx)

2bcghprLogle (f(a+bx)P (c+dx)q)r} Log |
bg-ah

<g+hx)

b (g+hx)
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b h
Zbdghpr‘xLog[e <'F (a+bx)p (C+dx>q)'ﬂ} LOg[M] .
bg-ah
b h
2bch2pr~xLog[e (-F (a+bX)p(c+dx>q>r] Log[M]+
bg-ah
d h d h
2bdg’pqr?logla+bx] LOg[M]—2adghpqr‘2Log[a+bx1 Log[M N
dg-ch dg-ch
d h d h
Zbdghpqr'zxLog[a+bx] Log[M]—ZBdthqr‘zxLog[a+bx] LOg[M}_
dg-ch dg-ch
h d d h
Zbdgzpqr‘zLog{u Log[M +
-dg+ch dg-ch
h (c+d d(g+h h(c+d
Znghqu‘ZLOg[g Log M]—Zbdghpqr‘zxLog[M
-dg+ch dg-ch _dg+ch
d h h d d h
LOg[M]+zbch2pqrzxLog[u Log[M}f
dg-ch -dg+ch dg-ch
d(g+hx)
2bagartogle (7 (a+0x)" [c-ax)%)"] Log | EL ]
dg-ch
d h
2adghqrLogle (f (a+bx)P (c+dx))"] Log[M},
dg-ch
d h
2bdghqr‘xLog[e (F (a+bx)p(c+dx>q>"} Log[M N
dg-ch
d h
2adh2qr~xLog[e ('F (a+bX)p(c+dx>q>r] Log[M]+
dg-ch
h b
2p(bchp+adhq—bdg(p+q))r‘2 (g+hx) PolyLog[z, M}+
-bg+ah
h d
Zq(bChP+adhq7bdg(p+q))ﬂ(g+hx)mﬂw@gp,Aifigfl}+
-dg+ch
b(c+dx) b(c+dx)
2bcghpqr?Polylog|2, ————] -2adghpqr?Polylog|[2, ——| +
d(a+bx) d(a+bx)
b d b d
2bch?pqr?xPolylog|2, M] -2adh’pqr?xPolylLog|2, b(crdx)
d(a+bx> d<a+bx>

Problem 41: Result more than twice size of optimal antiderivative.

dx

JLog[e (f (a+bx)P (c+dx)q)r}2

(g+hx)3

Optimal (type 4, 1304 leaves, 43 steps):
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bdpqgr2Llogla+bx] dpqr?logfa+bx] bp?r?(a+bx) Logla+bx]
N _

h(bg-ah) (dg-ch) h(dg-ch) (g+hx) (bg-ah)® (g+hx)

bdpqgr2Log[c+dx] bpgr2loglc+dx] dg?r? (c+dx) Log[c+dx]

h(bg-ah) mg-ch)+h(bg-am (g+hx) (dg-ch)? (g+hx| '

b2 p qr2 Log[f‘ub%] Log[c+dx] d2pqr?Log[a+bx] Log[b—b(ﬁ)—}
h(bg-ah)? ’ h(dg-ch)?

(bpr (prilogla+bx] +qrLoglc+dx] -Logle (f(a+bx)P (c+dx)?)"])) /
(h(bg-ah) (g+hx)) -
(dgr (prlogla+bx] +qrLoglc+dx] -Logle (f (a+bx)P? (c+dx)?)"])) /
(h (dg-ch) (g+hx))—;b2pr‘Log[a+bx}

h(bg-ah)?
o
h(dg-ch)?
d>qrLog[c+dx] (pr‘Log[a+bx]+qr‘Log[c+dx}—Log[e (f (a+bx)p(c+dx)q)r‘])—

(priogla+bx] +qrLoglc+dx] -Logle (f (a+bx)P (c+dx)")"]) -

Loge (£ (a+bx)” (c+dx]%)"]* b2p7 e Loglg - hx
+ +

2h (g+hx)? h(bg-ah)?
2bdpgr?Llog[g+hx] d?2qg®r?Log[g+hx] 1
+ +
h(bg-ah) (dg-ch) h(dg-ch)? h(bg-ah)?
b’pr (prlogla+bx] +qrLoglc+dx] -Logle (f(a+bx)P (c+dx)%)"]) Log[g+hx] +
;dzqr‘ (priogla+bx] +qrLoglc+dx] -Logle (f (a+bx)P (c+dx)?)"])
h(dg-ch)?
d’pqgr?Llogla+bx] Log[b—bftz—;()-] b>pqr?Log[c+dx] LOg[d_dtif:_?‘}
Log[g+hx] -

h(dg-ch)? 7 h(bg-ah)?

b2 p?r? Log[a+bx] Log[l + M] d>g?r? Log[c+dx] Log[l + —dgﬂ}
h (a+b x) _ h (c+d x)

+

h(bg-ah)? h(dg-ch)?

2 02 W2 _ _bg-ah 2 2 d (a+b x 2 2 _ h(a+bx
b2 p? r2 Polylog|2, h<a+bx>] d?pqr?Polylog|2, ——(—Lbuad ] ) d?pqr?Polylog|2, —(—ngiah ]

.
h(bg-ah)? h(dg-ch)? h(dg-ch)?

d2 qZ r2 POlyLOg[Z, 7%] bzpqrz polyLog{Z, b‘[jﬁ] bzpC{r‘z PolyLog[Z, *%ﬁ}

+ —

h(dg-ch)? h(bg-ah)? h(bg-ah)?

Result (type 4, 15976 leaves):
1

-——|-prlLogla+bx] -

2h <g+hx)2
-qL d Log|f bx)P dx)4
Log[F (a+bx)p(c+dx>q] r‘—r( atoglcrdx]+ og[ (a+ X> (c+ X) ” +
Log[f (a+bx)P (c+dx)?]

Log[e @r (-pLog[a+bx]-qLoglcrdx]+Log[f (a+bx)P (c+dx)%]) (a + bX)P"‘
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o " - LoB[c+dx] -Log [£ (a:bx)® [c-dx)7]) 2
(f (a+bx)P (c+dx)9) Log[# (a:bx)? (crdx]] ] +

ipr‘ [—prLog[a+bx] - Log[f (a+bx)P (c+dx)9]

r(-qlog[c+dx] + Log[f (a+bx)P (c+dx)q}>
Log[f (a+bx)P (c+dx)?]
Log[e el (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)]) <a + bX)pP

r- +

r r (-qLog[c+dx]+Log[f (a+bx)P (c+dx)]]
(f(a+bx)P (c+dx)?) Log[f (a:bx)? (crdx] ] ]]

b2h (a+bx) b2h? (a+bx)? 2b%h (a+bx)
- +
(—bg+ a h)3 (1 _ hfb(aglbaxh) ) (—bg+ a h)4 (1_ hib(ag:baxh) )2 (—bg+ 3 h)3 (1 _ hfb(agibaxh) )
bz Log[17 h (a+bx) ]
Log[a+bx] - “beah + 1
(—bg+ah)2 h
qr? (-plogla+bx] -qlog[c+dx] +Log[f (a+bx)? (c+dx)%])
d*h (c+dx)
(*ngr c h>3 (1 B hﬁd(cgidcxh) )
d? h? (c+dx)2 2d?h (c+dx) d” Log[1 - hfdcgtdcxh ]
. ; h i Log[c+dx] - "
(*dg*Ch)Ll(l’%) (-dgrch) (1_ —dg+ch) (-dgrch)
ﬁqr‘ -prlogla+bx] -r (-plogla+bx] -qloglc+dx] +Log[f (a+bx)? (c+dx)?]) -

Log[£ (a+ bx)" (¢ +dx)"] [r-"<‘”°g“*d” +Log|f(a+0x)” <°“’XW>]+

Log[f (a+bx)P (c+dx)?]
Log {e e’ (-p Log[a+bx]-qLog[c+d x] +Log[f (a+bx)P (c+dx)])

r (-qLog[c+dx]+Log[f (a+bx)P (c+dx)?]]
(avbx)?" (£ (asbx)? (codx)?)" st oo J
d?h (c+dx) d?h? (c+dx)? 2d?h (c+dx) ]
- +
3 h (c+d x) N 2 3 h (c+dx)
(—dg+ch) (1— 7dcg+cxh ) (7dg+ch)4 (1— J—Lh,dcgixh ) (—dg+ch) (1— 7dcg+cxh )
dz LOg[lf h (c+dx ]
Log[c+dx] - ~dgrch +1
(fdg+ch>2 h
b2 h2 bx)? 2b2h b
p? r? —1 <a+ X> S+ 3<a+ :> X Log[a+bx]2+
2| (-bg+ah)* (17 J—Lh,bagﬂbaxh ) (-bg+ah) (17 A—Lib";axh )
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b2 Log[l— h (a+b x) ]

bgah b*h (a+bx) b? Log 1 - hfbagibaxh ]
+Log[a+ bx] -
(-bg+ah)? (-bgrah)® (1-letx) (-bg+ah)?

2 h (a+bx
b? Polylog|2, J—Libgwh ]

+
=

(—ngrah)2
d2h? (c+dx)? 2d*h (c+dx)
+

(-dg+ch)* (1-%)2 (-dg+ch)’ (1*%)

Log[c+dx]?+

d> Log[1 - "L ] dh (c+dx) @ Log[1- STy
" +Log[c+dx] ; T - ,
(—dg+ch) (7dg+ch) (177((1%}) (—dg+ch)
d? Polylog|2, J—Lh,dcgidcxh ]
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c(bg-ah) (c+dx) . a(c+dx)

(—dg+ch)2(a+bx> <—dg+ch> (a+bx>

[(dg+ch) (a+bx)

(bg-ah) (c+dx)
(-dg+ch) (a+bx]

PolyLog[Z, - +

I|/ ((bg-ah) (c+dx))

b h h d
blexhx), 1 rhlexdx)

bg-ah 2 -dg+ch
h (c+dx b (g+hx d(g+hx
(e +dx) lgenx)) o dleshx
-dg+ch bg-ah -dg+ch
h (c+dx) Log (bg-ah) (c+dx)
7 Loel -
-dg+ch ; (-dg+ch) (a+bx)
b(g+hx)]+Log[_d<g+hx)
bg-ah —~dg+ch 2 (-dg+ch) (a+bXx)
-bc+ad

b (g+hx) (-bc+ad) (g+hx)
I_og[d(a+bx)]+mg[ bg-ah J - togl- (-dg+ch) (a+bx|
(bg-ah) (c+dx) h (a+bx)
(-dg+ch) <a+bx)] PolyLog|2, - bg-ah '
(bg-ah) (c+dx) h (c+dx)

(-dg+ch) (a+bx) PolyLog|2, -dg+ch '
(bg-ah) (c+dx) ]
(-dg+ch) (a+bx]
) (bg-ah) (c+dx)
(—dg+ch) <a+bx)

1
— 2

; Log[a+bx] Log[c+dx] Log]|
h

-2Llog[a+bx] +Log| Log |

Log |

lLog[— (bg—ah) (c+dx) 5

-Log]|

Log[c +dx] - Log|[-

]

b (c+dx)

Log[a + b x] +Log[—

PolyLog|2, | - Polylog|2,

LOg[‘ d(a+bx)

h (a+bx) h (c+dx) )

| - PolylLog|3,
bg-ah -dg+ch

]

- Polylog|3, -

b (c+d bg-ah d
PolyLog|3, M} +Polylog|3, - (bg-ah) [c+dx]
d(a+bx) (-dg+ch) (a+bx)

_ b x ab (g+hx)
(bg-ah) (bg_ah Lrenrr ) Log[a+bx] Log[c+dx]

+

1
h

b (g+hx)

bg-ah (bg-ah)? -dg+ch (-dg+ch)?

1 (bg—ah) (b_x+mg+h_x)_) (—dg+ch> (_ dx +cd(g+hx))]
2

b (g+hx) : d (g+hx)

h (c+dx)
-dg+ch
{ (bg-ah) (b_x+mg+h_><>_) (-dg+ch) (_ dx +cd(g+hx))J

h (c+dx)

+

Log|

] [—2 Log[a+bx] +Log]|
-dg+ch

bg-ah (bg-ah)? -dg+ch (-dg+ch)?

b (g+hx) d(g+hx)

h (c+dx) Log|- (bg-ah) (c+dx) .

-dg+ch (-dg+ch) (a+bx]

Log |
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(bg—ah)( b x +ab(g+hx))

1 bg-ah (bg-ah)?
; b<g+hx) + (—dg+ch) (a+bx>
(-bc+ad) x +c(—bc+ad) (g+hx) e s
[ (_dg+Ch> <a+bx) (fdg+ch)2(a+bx) )/(< ° d> (g " >)
oal_ (bg-ah) (c+dx) 2 Cdeac 7ch(c+dx)+ c+dx
Log| (-dg+ch) (a+bXx) 2h(c+dx)< dg+ch) [ (-dg+ch)? dg+ch]
L) L
1 . 7ch(c+dx) . c+dx
2h (c+dx) (-de~ h>[ (—dg+ch)2 -dg+ch

-2 Log[aerx]JrLog[h(dcng:jCXh> [Lo [bbf;::)}mg[dgggihcxg -
§ c(bg-ah) (c+dx) . a(c+dx) . h (c+dx)
{(_dg+Ch) . (-dg+ch)? (a+bx) (-dg+ch) (a+bx] Lg[_dg+Ch
—Log[bb(:iz:)]+L0g{—d_fjgg++hcxr3} J/((bg—ah) <c+dx>>+h(cidx)
. _ch(c+dx) . c+dx ol (bg-ah) (c+dx)
(—dg+ h) <7dg+Ch>2 ~dg+ch Lg[ <7dg+ch> (a+bX)

Log[bb(z+::)]+Log[%] [(dg+ch> (a+bx)
c(bg-ah) (c+dx) a(c+dx) (bg-ah) (c+dx)

Log|-

(—dg+ch)2 (a+bx) ' (-dg+ch) (a+bx)
_bc+ad b (g+hx) (-bc+ad) (g+hx)
log{d(a+bx)}+LDg[ bg-ah ]_Logy_(fdg+ch>(a+bg

(-dg+ch) (a+bx)

)/

ah(a+bx) a+bx
(bg—ah)2 _bg—ah
h (a+bx)
bg-ah }_

((bg-ah) (c+dx)) +

(bg-ah) «

h (a+bx)
(bg-ah) (c+dx)
(-dg+ch) (a+bx)

Log[c +dx] - Log|- || Log[1+

1
h(c+dx)

ch(c+dx) c+dx
.

(-dg-+ch) {

(fngrch)2 -dg+ch
(bg-ah) (c+dx)
(-dg+ch) (a+bx)
c(bg-ah) (c+dx) . a(c+dx)

(-dg+ch)? (a+bx) (-dg+ch) (a+bXx)

h d
Log[1- (c+dx) ]
-dg+ch

Log[a + b x] +Log[—

“—dg+ch)(a+bx)(
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(bg-ah) (c+dx) | Log[1+ (bg-ah) (c+dx)
(-dg+ch) (a+bx) (-dg+ch) (a+bx)

1)/

(bg— a h> (_ a(Eg:t;?Z N ba;)axh) PolyLog{Z, - hb:t:: }

Log |-

((bg-ah) (c+dx)) +

h (a+bx)
“de+c a+bx c(bg-ah) (c+dx) X a(c+dx)
[( dgrch) {axb )((dg+ch)2(a+bx) (-dg+ch) (a+bXx)
PolyLog[Z,hb(Zi::)] /((bgfah) (c+dx)) -

_ _ ch (c+dx) c+d x h (c+d x)
( dg+Ch) ( (-dg+ch)? * —dg+ch> P01yLOg[2’ —dg+ch}

h (c+dx)
c(bg—ah) <c+dX> a<C+dX>
{(dgwh) (a+bx] (<_dg+ch>2<a+bx) " (-dgrch) (axbx]

h (c+dx)

PolyLog [2,

O]/ a0
desc e bx c(bg-ah) (c+dx) . a(c+dx)
{( a8 h)< ° )(<—dg+ch)2<a+bx) (fdg+ch) (a+bx)
b(c+dx>

(bg-ah) (c+dx)
d(a+bx>]_P01yLog[2,_ (-dg+ch) <a+bx>] J/((bg—ah) (c+dx)) -

. 4 bx c(bg-ah) (c+dx) . a(c+dx)
{(_dg+ ") (axe )((dg+ch>2<a+bx) (-dg+ch) (a+bx]

Polylog|2,

(bg-ah) (c+dx)

Polylog|2, -
olyLog| (-dg+ch) (a+bx)

I/ ((og-ah) (c+dx))

blgehx | 3 b (e

bg-ah 2 -dg+ch

h (c+dx b (g+hx d(g+hx

[c+dx] {LogH )| Lo (50X
bg-ah -dg+ch

1
= (Log[a+bx] Log[c +d x] Log[
h

-2Llogla+bx] +Log|

-dg+ch
h (c+dx) (bg-ah) (c+dx)
_dg+ch}Log[_ (-dg+ch) (a+bx)
PIEX) ) g HEZNX]
g-a dg+ch
_bc+ad b(g+hx) (—bc+ad) (g+hx)
d<a+bx)}+Log[ bg-ah J - tog|- (-dg+ch) (a+bx)
(bg-ah) (c+dx) h (a+bx)
(-dg+ch) (a+bx)] PolyLog(2, - bg-ah :
(bg-ah) (c+dx) h (c+dx)
(-dg+ch) (a+bx)

Log|

1 (bg—ah) (c+dx) )
+£Log[f (-dg+ch) (a+bx)

—Log[

Log |

Log[c+dx] - Log|-

+

Logla+bx] +Log|-

]

PolyLog|2,

-dg+ch
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(bg-ah) (c+dx)

Log| -
el (-dg+ch) (a+bx)
b d bg-ah d
Polylog|2, (c+ X>]—PolyLog[2, - [bg-ah) (crdx) _
d(a+bx) (-dg+ch) (a+bx)
h b h d
PolyLog[B, M} PolyLog[B, M -
bg-ah -dg+ch
b d bg-ah d
PolyLog|3, M]+PolyLog[3, - (bg-ah) (c-dx)
d(a+bx) (-dg+ch) (a+bx)

Problem 42: Result more than twice size of optimal antiderivative.

dx

JLog{e (f (a+bx)P (c+dx)q)”]2

<g+hx)4

Optimal (type 4, 1957 leaves, 57 steps):

b2 p? r? 2bdpqr?
} h(bg—ah)z(g+hx) 73h(bg—ah) (dg—ch) (g+hx) )
d? g% r? b3 p2 r?Log[a+bx] 2bd?pqgr?Llog[a+bx]
h(dg-chf(g+hx)_ 3h (bg-ah)? _3h(bg-ah)(dg-cm2_

b2dpqgr?Llogla+bx] bp?r?Log[a+bx] dpgr?logla+bx]
+ +

3h(bg-ah)?(dg-ch) 3h(bg-ah) (g+hx)®> 3h(dg-ch) (g+hx)?

2d2pqrilogla+bx] 2b?p?r? (a+bx) Logla+bx] bd2pqr2Loglc+dx]

+

h(dg-ch)® (g+hx) 3(bg-ah)® (g+hx) 3h(bg-ah) (dg-ch)?
2b%2dpqgr?loglc+dx] d®>g?r? Log[c+dx] bpqgr?Log[c+dx]
3h(bg—ah)2(dg—ch)7 3h (dg-ch)? +3h(bg—ah) (g+hx)?
dg?r?Log[c+dx] 2b2pqrilog[c+dx] 2d?g?r? (c+dx) Log[c+dx]
h(dg-ch) (g+hx)2+3h(bg—ah)2(g+hx) ) 3(dg—ch)3(g+hx) '
2b3pqr'2Log[—d4bﬁ)—]Log[c+dx] 2d3pqr2Log[a+bx]Log[b—b(%)—]
h(bg-ah)? ’ 3h(dg-ch)? _

(bpr (prlogla+bx] +qrLoglc+dx] -Log[e (f (a+bx)” (c+dx)q)r]))/
(3h (bg-ah) (g+hx)2) -

(dar (prlogla+bx] +qrLoglc+dx] -Log[e (f (a+bx)” (c+dx)q)r]))/
(3h (dg-ch) (g+hx)2) -

(2b?pr (priogla+bx] +qrloglc+dx] -Logle (f (a+bx)P (c+dx)q)'"]))/
(3h (bg—ah)2 (g+hx)) -

(2d*qr (priLogla+bx] +qrloglc+dx] -Logle (f (a+bx)P (c+dx)q)r]))/
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(3h(dg—ch>2(g+hx))—;32b3pr‘Log[a+bx]
h(bg-ah)

1
h(dg-ch)?
2d’qrlogc+dx] (prlogla+bx]+qrLoglc+dx] -Logle (f(a+bx)? (c+dx)")"]) -
Log[e(f(a+bx)p<c+dx)q)r]2 b3p2r2Log[g+hx] bd2pqgriLog[g+hx]

h(g+hx)? ) h(bg-ah)? +h(bg-ah)(dg-ch)2
b2dpqr?log(g+hx] d3>qg?*r?Log[g+hx] 1
h(t>g-ah)2(dg-ch)+ h(dg-ch)? +3h(bg—ah)3

(priogla+bx] +qrLoglc+dx] -Logle (f (a+bx)P (c+dx)®)"]) -

2b3pr

1
h(dg-ch)?
2d®qr (priogla+bx] +qrlog[c+dx] -Logle (f (a+bx)P (c+dx)9)"]) Loglg+hx] -

2d3pqr2Llogla+bx] Log[JbEjh—:L} 2b%pqrLoglc+dx] Log[%ij_ﬁﬂ

(priogla+bx] +qrLog[c+dx] -Logle (f(a+bx)P (c+dx)?)"]) Log[g+hx] +

h(dg-ch)’ 3h (bg-ah)’

(a+bx) (c+d x)

2b*p?r2Log[a+bx] Log|1+ h—bgﬂ] 2d%g2r? Log[c +dx] Log[1+ dg-ch de=ch_]
h(bg-ah)’ h(dg-ch)?

3p2 2 _ _bg-ah 3 2 d (a+bx)
2b’pr PolyLOg[Z, hwbx)] 2d*pqr PolyLog[Z, T b ad ]

+
h(bg-ah)? 3h(dg-ch)?

2d>pqr2Polylog[2, - X 243 g2 r2 polylog|2, - 4&<]
bg-ah h (c+dx)

+

.
h(dg-ch)? 3h(dg-ch)?

3 2 b(cidx) 3 2 _h(cdx)
2b3pqr2Polylog|2, o | 2b’pgr PolyLog|2, decn ]

3h (bg-ah)? 3h(bg-ah)’

Result (type 4, 47 110 leaves) : Display of huge result suppressed!

Problem 44: Result more than twice size of optimal antiderivative.

J\(aerLog[@])3

dx
1-c?x?

Optimal (type 3, 37 leaves, 5steps):

(a+bLog{@})4

4bc

Result (type 3, 117 leaves):
1 l1-cx

- Log[ X
4c V1+cx

V1-cx Vv1-¢cXx ;2 Vv1-¢cx ;3

42®+6a’blog[————] +4ab’Log[————| +b>Log| — ]
V1+cx V1+cx V1+cx
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Problem 45: Result more than twice size of optimal antiderivative.

J\(a+bLog[@])z

1-c2x?

dx

Optimal (type 3, 37 leaves, 5steps):

(a+bLog[@})3

3bc

Result (type 3, 86 leaves):

LOg[@] (3a2+3abLog[@} + b2 Log[@]z)
1+C X m m

3c

Problem 51: Result more than twice size of optimal antiderivative.

2

JLog[e (f(a+bx)P (c+dx)9)"] (s+tLog[i (g+hx)"]) i

gk+hkx

Optimal (type 4, 410leaves, 11 steps):

pr‘Log{—thM)—] (s+tlogli (g+hx)””3 grlog|- M9 (st Log[i (g+hx)”])3

g-ah dg-ch .
3hknt 3hknt
Log[e (f (a+bx)P (c+dx)?)"]| (s+tLog[i(g+hx)"])?
3hknt
pr (s~ tLog[i (g+hx)"])* PolyLog[2, & Ete]
h k
ar (s Log[1 (g nx]"] | Potytog[2, 482 |
h k
2nprt (s+tlogli (g+hx)"]) PolyLog|3, %ﬁj—:L]
h k
2nqr‘t(s+tLog[i (g+hx)"])PolyLog[3, Mdij—:L]
h k
2n?prt?Polylog[4, b—b‘g*';—:ﬂ ) 2n%qrt?Polylog[4, %]
h k h k

Result (type 4, 22595 leaves) : Display of huge result suppressed!
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Problem 56: Result more than twice size of optimal antiderivative.

JLog[i (3 (hx)%)"] Log[e (£ (a+bx)P (c+dx)%)"]

dx

X

Optimal (type 4, 328 leaves, 13 steps):
priog[i (j (hx)t)u}4Log[1+ ba—x] Log|i (j (hx)t)u]ALog[e (f(a+bx)P (c+dx))"]

4tu 4tu

qrlogli (j (hx>t)U}4 Log[1+ ¢*]

-prlogli (j (h x)t)ufPolyLog[z, -—] -

4tu a

qrlog|i (j (hx)t)u]sPolyLog[z, _d_x] +3prtulogli (j (hx)t)u}zPolyLog[B, —b—} +
c a

3qrtulogli (j (h x)t)u}zPolyLog[B, _dix} -6prt*u’log|i (j (h x)t)u} PolyLog[4, _L] _
c a
6qrt?u’ Log[i (j (h x)t)u] P01y|_og[4J ,dix} N
c
6prt’u’Polylog|s, —b—x] +6qrt’u’ Polylog|s, 7d—X}
a c

Result (type 4, 1241 leaves):
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prt3udLog[x] Loglhx]3Logla+bx] -prt3u?Log[hx]*Log[a+bx] -
3prt?u?Llog(x] Loglhx]?Log|i (j (hx)t)u} Log[a+bx] +

3prt?u’Llog[hx]®Log[i (j (hx)t)u} Log[a+bx] +

3prtulog(x] Log[hx] Log[i (j (hx)t)u]ZLog[a+bx] -

3prtuloglhx]?Log[i (j (hx)t)u]zLog[a+bx] -

prLog(x] Log[i (j (hx)t)u]3Log[a+bx] +prloglhx] Log|i (j (hx)t)u}aLog[aerx} +
lpr‘t3 ul Log[hx]4Log[1+be] -prt?u’Loglhx]®Logli (j (hx)t)u} Log[1 + bix] +

4 a a
ipr‘tuLog[hx]ZLog[i (j (hx)t)u]zLog[1+ b7x] -prloglhx] Log[i (j (hx)t)u}BLog[lJr b—x} +
2 a a
qrt3udLlog[x] Loglhx]3Log[c+dx] -qrt3u®Log[hx]%Log[c+dx] -

3qrt?u®Llog(x] Log[hx]?Log[i (j (hx)t)u} Log[c+dx] +

3gqrt?u’Llog[hx]?Log[i (j (hx)t)u} Log[c +dx] +

3qrtulog(x] Log[hx] Log[i (j (hx)t)u]ZLog[c+dx] _

3grtuloglhx]?Log[i (j (hx)t)u]ZLog[c+dx] -

qrLog[x] Log|i (j <hx)t)u]3Log[c+dx] +qrloglhx] Log[i (j (hx)t)u}3Log[c+dx} -

t u® Log[x] Log[hx]? Log|e (f(a+bx)P (c+dx)q>r] +

i‘c3 u® Log[hx]* Log[e (f (a+bx)P (c+dx)9)"] +

4

3t?u? Log[x] Log[hx]? Log|i (j (hx)t)u] Log[e (f (a+bx)? (c+dx)")"] -

2t?u? Log[hx]? Log[i (j (hx)t)u] Logle (f (a+bx)? (c+dx)")"] -

3tulog[x] Loglhx] Log[i (j (hx)t)u}zLog[e (f(a+bx)P (c+dx)9)"] +

i‘cuLog[hx]ZLog[i (j (hx)t)u]zLog[e (f(a+bx)P (c+dx)9)"] +

2

Log[x] Log[i (j (hx)t)u]3Log[e (f(a+bx)P (c+dx)9)"] +

lqr‘t3 u’ Log[hx]4Log[1+d—X] -qrt*u’Log[hx]?Log[i (j (hx)t)u} Log[1+ d_x] +

4 C C
iqr‘tuLog[hx]ZLog[i (j (hx)t)u]zLog[1+ d_x] ~qrLog[hx] Log[i (j (hx)t)u}SLog[1+ d_x} -
2 c

C

prlog[i (j (h x)t)u]3PolyLog[2, _b?X] -qrlog[i (j (h x)t)u]3PolyLog[2, —dTX] +

3prtulogl|i (j (hx)t)u}zPolyLog[B, —bfx} +3qrtulog|i (j (hx)t)u]zPolyLog[?,, 7d—] -
a c

6prt?u’Llog|i (j (h x)t)u] PolylLog|[4, _b_x} -6qrt?u?Log(i (j (h x)t)u] Polylog[4, —d—} +
a c

6 prt?u’PolylLog|s, —b—X] +6qrt?u’PolylLog|5, _d_x}

a c
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Problem 57: Result more than twice size of optimal antiderivative.

JLog[i (3 (hx)¥)"]" Log[e (£ (a+bx)P (c+dx)%)"] N
Optimal (type 4, 262 leaves, 11 steps):
prlogli (j (hx)t)quog[1+ ba—x] )
3tu
Log[i (3 (hx)*)"]” Log[e (f (a+bx)P (c+dx]7)"] ~artog[i (3 (hx)*]"]" Log[1+ 2]
3tu 3tu
priog[i (3 (hx)%)"]” PolyLog 2, _:—X] ~qrLogi 3 (hx)*)"]* PolyLog 2, ‘dTX] .

2prtulog|i (j (h x)t)u} Polylog|3, _b7X] +2qrtulog|i (j (h x)t)u} Polylog|3, _d—] -
a c

d x

b x
2prt?u’Polylog|4, - —| -2qrt?u?Polylog|4, - —|
a c

Result (type 4, 839leaves):
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-prt?u®Llog[x] Logihx]?Log[a+bx] +prt?u®Loglhx]®Log[a+bx] +
2prtulog(x] Log[hx] Log[i (j (hx)t)u] Log[a+bx] -

2prtulog[hx]?Log[i (j (hx)t)u] Log[a+bx] -prLog[x] Log[i (j (hx)t)u]zLog[a+bx] +

prloglhx] Log[i (j (hx)t)u]zLog[a+bx1 - lpr‘tzu2 Log[hx]? Log[1 + b—X] +
3 a

prtuloglhx])?Log[i (j (hx)t)u] Log[1+ %} -prloglhx] Log[i (j (hx)t)u]zLog[lJr:fX] -
grt?u?log[x] Loglhx]?Log[c+dx] +qrt?u?Log[hx]>Log[c+dx] +

2qrtulog(x] Log[hx] Log[i (j (hx)t)u] Log[c+dx] -

2qrtuloglhx]?Log|i (j (hx)t)u] Log[c+dx] -

qrlog(x] Log|i (j (hx)t)u]zLog[c+dx] +qrlog[hx] Log|i (j (hx)t)u}zLog[Cerx} +

t?u? Log[x] Log[hx]? Log[e (f (a+bx)P (c+dx)9)"] -

EtZUZLog[hfoog[e (f(a+bx)P (c+dx)9)"] -
3

2tuLog(x] Log(hx] Log[i (3 (hx)*)"] Log[e (f (a+bx)? (c+dx))"] +
tuloglhx]?Log|i (j (hx)t)u} Log[e (f (a+bx)P (c+dx)?)"] +

Log x] Log[1 (3 (hx)*]"]" Log[e ( (a+bx)? (c+dx]?)"] - iqrtzuz Log[hx]? Log 1 + dTX} .
qrtuloglhx]?Log[i (j (hx)®]"] Log[1+ de} ~qrlog[hx] Log|i (j (hx)t)“]zLog[thX] .
priog[i(j (hx)*)"]*PolyLog|2, -ba—"] ~qrLog[i (3 (hx)*)"]" PolyLog[2, _dTX] +

2prtutLogli(j (hx)®]"] PolyLog[3, _:—X] +2qrtulog[i(j (hx)*]"] PolyLog|3, _dT] -

b x d x
2prt?u’Polylog|4, - —| -2qrt’u?Polylog[4, - —|
a c

Problem 58: Result more than twice size of optimal antiderivative.

JLog[i 3 (hx))"] Log[e (f (a+bx)P (c+dx)9)"]

X

dx

Optimal (type 4, 194 leaves, 9steps):
7pr'Log[i (j (hx)t)u}zLog[lJr b?x] ) Log|[i (j (hx)t)u]zLog[e (f(a+bx)P (c+dx)®)"]

2tu 2tu
qrLogli(§ (hx)t)"]* Log[1 + 9=
| ( (nx) ) } [ £ ] -prlog[i (j (hx)t)u} Polylog|2, _b_x]_
2tu a
grLog[i (j (h x)t>u] PolyLog|2, —dfx} +prtuPolylog|3, —bfx] +qrtuPolylog|3, fdfx]
c a c

Result (type 4, 451 leaves):
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prtulog[x] Loglhx] Log[a+bx] -prtulog[hx]?Log[a+bx] -
prlog(x] Log|i (j (hx)t)u] Log[a+bx] +prLog[hx] Log|i (j (hx)t)u] Log[a+bx] +
b x

lpr‘tuLog[hx]zLog[lJr —] -prLogihx] Log[i (j (hx)t)u] Log[1 + bl} +
a a

qrtulog[x] Log[hx] Log[c+dx] -qrtuloglhx]?Log[c+dx] -
qrLog[x] Log|i (j (hx)t)u] Log[c+dx] +qrLoglhx] Log[i (j (hx)t)u] Log[c+dXx] -
tulog[x] Loglhx] Log[e (f (a+bx)? (c+dx))"] +

l'tuLog[hx}zLog[e (f(a+bx)P (c+dx)9)"] +
2

Log[x] Log[i ( (hx) ) | Log[e (f (a+bx)p<c+dx)q>r]+£qr‘tuLog[hx]2Log[1+d—X}—
2 C

qrloghx] Log[i (j (h x)t)u] Log[1 + de] -prlogli (j (h x)t>u] PolyLog|2, _:—x] -
qrLog[i (j (h x)t)u] PolyLog|2, —d—x] +prtuPolylog|3, —b—x] +qrtuPolylog|3, —d—x]
c a c
Problem 67: Result more than twice size of optimal antiderivative.
Log|e (ﬁ)n]g'mg[h (frex)"] .
X
(a+bx) (c+dx)
Optimal (type 4, 620 leaves, 14 steps):
mLog|e ("’”Zi) ] Log{ibz Zi)} ) Log|e (ﬁ)nrmg[h (frgx)"] )
4 (bc-ad)n 4 (bc-ad)n
bx "] (df-cg) (atbx) atbx d (arbx)
nogle [152]"]"Log[1 5] miogle (£22)) potyiona, 255
4 (bc-ad)n bc-ad
mLog[e (a*bx)n Polylog|2 i—m—w::m (iizz)] ) 3mnlLogle (ﬁ) } Polylog|3, J—Lfizi)]
bc-ad bc-ad
atbx N2 (df-cg) (a+bx)
3mnLog|e (imi) |“ PolyLog|3, (bﬁ:g) (iﬂj;} )
bc-ad
6mn? Log|e (a:‘:’z) | PolylLog|4, 4(%))—} ) 6mn? Log|e (aizz) | PolyLog|4, ‘(‘;i—::%] )
bc-ad bc-ad
+ -cg +
6mn3 PolyLog[S, %] ) 6mn3 PolyLog[S, (gi:g) (jjz) }
bc-ad bc-ad

Result (type 4, 31404 leaves) : Display of huge result suppressed!
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Problem 68: Result more than twice size of optimal antiderivative.

a+b x

2] ") og[h (frex)"]
(a+bx) (c+dx)

dx

J‘Log[e(

Optimal (type 4, 496 leaves, 12 steps):

mLog|e (aizz) ]3Log[ﬁ} Log[e(%)n}BLog[h (Frex)"
. _
(bc—ad)n 3(bc-ad)n
wionle [222]"P tosls- SEcp ] mionle [232]") poivon(a, 222
3(bcfad) bc-ad
mLog|e ( )n PolyLog|2, 1(3:—::%] 2anog[e($)n]PolyLog[3,

d (a+b x
b (c+dx)

} +

bc-ad
2mnLog|e (aizz) | PolyLog|3,

bc-ad

(df-cg) (a+bx)
(bf-ag) (c+dx)

]

+

bc-ad
d (a+bx) (df-cg) (a+tbx)

2mn? Polylog |4,

]

2mn? PolylLog |4 ]

b (c+dx) ’ (bf-ag) (c+dx)

bc-ad bc-ad

Result (type 4, 25557 leaves): Display of huge result suppressed!

Problem 69: Result more than twice size of optimal antiderivative.

Log|e (a:x) | Log[h (f+gx)"] .
(a+bx) (c+dx)

J

Optimal (type 4, 371 leaves, 10 steps):

+ 2 - + 2
mLog|e (ajz) ] Log{ibb(zﬂj:)} ) Log|e (ﬁ)n} Log[h (f+gx)"] _
2 (bc-ad)n 2 (bc-ad)n
nLog e (a+bx)n Log[1- i_gJ_(_LE:: :g) (ii’;; ] ) mLog|e (%) | PolyLog|2, _<—L<313§> ]
2<bcfad) bc-ad
+b n (df-cg) (a+bx)
mLog (a X) PolyLog (b-F—:g) (ca:+d§>] B
bc-ad
mn PolyLog[3, J—L‘; (:Z; } . mn PolyLog[3, i_g)_(_L(t;i::g) (:2; ]
bc-ad bc-ad
Result (type 4, 6704 leaves):
a+bx a+bx a+bx\" a+bx
mLog | | |nLog | +2 |Log[e | -nLog| ]
2(bc—ad) c+dx c+dx c+dx c+dx

Log[f +gx] -
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1 a+bx)\" a+bx
—————Logla+bx] |Log[e )]—nLog[ | (-mLog[f+gx]+Log[h (f+gx)"]) +
_bc+ad c+dx c+dx
a+bx)\" a+bx .

7(Loge( | -nLog] || Loglc+dx] (-mLog[f+gx] +Loglh (f+gx)"]) +
-bc+ad c+dx c+dx

a+bx)" a+bx
—————bdgm |Log[e | -nLog| ]
-bc+ad c+dx c+dx

a?Log[a+bx] c?2log[c +dx] 2 Log[f + g x]

+ +

(b(bc—ad) (bf-ag) d(bc-ad) (-df+cg) g(bf-ag) (df-cg)

a b x
+

c+dx c+dx

c? (Log[§+x] Log[1 - d—G:—tl] +PolyLog|2, d—(}—x)—]]
C

—Log[erx} +Log[§+x} +Log[

ad

£2 (Log[Zer] Log[1 - Jb_“::*i | +Polylog|2, - ajx ]J

b
RIHIEE

a? (Log[§+x] Log[1- ﬂ}b—t)—] + PolyLog|2, b—(}—x)—]]
a.be
d

SESRIERHE

b d
2 (Log[§+x] Log[1 - Jﬂ—)—gﬂz; | +Polylog|2, —(J—Lgf:; ]]
N
c_ £ a_ f
ba (5-5) a5l
1 a+bx)" a+bx
bcgm |Log|e -nlLog|
-bc+ad c+dx c+dx
alog|?+x] clog| < +x]

((a (df-cg) Logla+bx] + (-bcf+acg)lLogc+dx] + (bc-ad) flog[f+gx])

/

a b x
+

c+dx c+dx

—Log[§+x} +Log[§+x} + Log|
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c Log[ﬁ+x} Log[1 - ‘L(_E:_’:)_} +PolyLog|2, a i
C+

((bc-ad) (bf-ag) (-df+cg)) +

.F

} Log[l— g—(}—xl} +PolyLog[2, g—_(;;xl})

_f. 28

Log[%er

oal-) (2o)e

a |Log[< +x]| Log[1 —(j—x)— +PolyLog|2, o[g]
L4 > -

Ty
o2 (-5 5)d (53]

f |Log[® +x] Log[1- —(4’—)—37:1; | +Polylog|2, elex] :Z; })
d d N
£ £
bd (5-¢) (-2 5] €
1 a+bx)" a+bx
adgm |Log|e -nlog|
-bc+ad c+dx c+dx
aLog[—er]2 clog| < +x]

((a (df-cg) Logla+bx] + (-bcf+acg)Log[c+dx] + (bc-ad) flog[f+gx])

)/

C Log[§+x} Log[l— i(-%:—):)—} +PolyLog[2,
.2

b

b x

n
c+dx c+dx

—Log[§+x} +Log[§+x} + Log|

((bc-ad) (bf-ag) (-df+cg)) +

.F

Log[ﬁ+X} Log[1 g—(f—}} +Polylog|2, gﬁ 7; })
SIEHIEE
A Log[§+ x| Log[1 Ji_}ppolyLog[z, ﬂ;ﬁ}]
a
SIETHEIEF
Log[ € +x] Log[1- g—Ef—}} +Polylog|2, g—(:—?})
4

bd (i3 [5e3)e

.F
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1

———bcgn (-mLog[f+gx] +Log|h (-F+gx)"'])
-bc+ad

((a (df-cg) Logla+bx] + (-bcf+acg)Llogc+dx] + (bc-ad) flog[f+gx])
b x
+

c+dx c+dx] )/

c Log[§+x} Log[l_d_(f*_xl} +PolylLog|2, 4L })

—Log[§+x} +Log[§+x} +Log[

ad

((bc-ad) (vf-ag) (-aF-cg)) - ST FIEP o

.F

‘F+E

valip) hedle
a [Log € +x] Log[1- "L+ ponytog 2, b:w)

Log[§+x} Log[1 84(5*_"[} +Polylog|2, g:”( })

_a+ 2
d
SEHEr
f Log[§+x} Log[lfgj(;%)—} +PolyLog|2, 8 ii })
d

bd (i3 [3e5le

—————adgn (-mLog[f+gx] +Log[h (f+gx)"])

aLog[ier]2 cLog[j+x]2

((a (dffcg) Log[a+bx] + (7bcf+acg) Log[c+dXx] + (bcfad) fLog[f+gx])
b x
+

c+dx c+dx /

c Log[§+x} Log[1 - i(-%:—):)—} +Polylog|2, M})

((bc-ad) (bf-ag) (-df+cg))+ e A

—Log[§+x} +Log[§+x} + Log|
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g—(—?—x)—} +PolyLog|2, i(;?—x)—})

f Log[§+x} Log|[1 e

bd (52 e
_(A_H + PolyLog|2, bfx })

ezl e

Log[§+x} Log[1 -

a

Log[§+x} Log[1

<F

< +
ba (5-¢) (Faeg) e
1 a+bx)\n a+bx
acgm |Log|e | -nLog
-bc+ad c+dx c+dx
Log[3+x]2 Log[§+x]2
+ +
20 (-p-g)df-po7)e 2p(-peg)d(-ge0)e

((b (-df+cg)logla+bx] +d (bf-ag)loglc+dx]+ (-bc+ad)glog[f+gx])
b x
+

c+dx c+dx] )/

| Log[1- d—(j;x)—] +PolyLog|2, d—(-%;x)—}

—Log[§+x} +Log[§+x} +Log[

ad ad

Log[§+x

b b

((bc-ad) (bf-ag) (-df+cg)) -

byes)aliet)e

Log[§+x

Log[§+x] Log[1- b—G;X)—] +Polylog|2, bacjbt ]

bc
a+—
d d

o[-yrdlal-tegle

Log[ + x] Log[1- 1]+ porytog[2, 2L

bcfn (-mLog[f+gx] +Loglh (f+gx)"])
-bc+ad
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Log[§+x]2 Log[j+x]2

pile 2ol gfal e

20 [3-5)al-

((b (—df+cg) Log[a+bx] +d (b-F—ag) Log[c+dx] + (—bc+ad) gLog[-F+gx])
+

c+dx c+dx] )/

Log[§+x} Log[l— d—(-%:—):)—] +PolyLog[2, d—(jﬂ}

ad

b x

—Log[§+x} +Log[§+x} + Log|

((bc-ad) (bf-ag) (-df+cg)) - & — -
-F
b(-pes)dl-ivg)e
Log[§+x] Log[l—JJ‘—lgf:{; | +Polylog|2, gf%]

f
JEHEF
Log[$ + x| Log[1 - %?‘T;)—] + PolyLog|2, g:?; ]

adfn (-mLog[f+gx] +Loglh (f+gx)"])

-bc+ad
Log[§+x]2 Log[§+x]2
I EE IS T

((b (-df+cg)logla+bx] +d(bf-ag)loglc+dx]+ (-bc+ad)glog[f+gx])

/

Log[§+x} Log[1 - ﬂj:—tl] +Polylog|2, ‘

((bc-ad) (o7-ag) (4| - litel st

b x

n
c+dx c+dx

7Log[§+x} +Log[§+x} + Log|

Log[i +x] Log[1- Ji‘—)—gifa:;; | +PolyLog|2, —(i‘—)—gi:;i); ]
b b

bd [$-5) [-2+7)e
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Log[§+x] Log[1- ﬂjz_’;)_] +PolyLog|2, g—(j;x)—]

-f+—= _fi B
d d

1| LoBlF e [tog[fex] logl x| stog[ T B’

2 (bc-ad) g

b x
.

a C
2 —Log[7+x] +Log[7+x] +Log[
b d c+dx c+dx

Log[ﬁ + x] Log[l - Jﬁ—”ﬁ:;; ] + PolyLog[Z, J-b—)—gifa::; ]
b b
g

Log[§+x] Log[1 - ﬂj*c_’;l} +PolyLog|2, ﬂ}—xl]

8 FefE 1
il
g g
g(2+x g [, X
2 %Log[i+x]2Log[17 _(-Fb+ a—bg) +L0g[*+x] POIyLOg[ZJ —(b+ a_bg)}
8(20x] ) tLogfa. Ela
PolyLog[3, f+a-b& +g2 ELOg[*JrX] Log[l— 'F"'C_dg-}
: e (5] dric)
Log|— PolyLog |2, PolylLog|3,
og[d+X} oyog[ N } oyog{ £, c8
p d
b (f dg (g +x
12 Log[i+X] Log[£+X} Log[w +1L0g M
g b d bf,ag 2 7d'F+Cg
dg [£+x b (f d(f
[2Log[—+x}+Log[ d Log| (f+gx) Log| (f+gx)
-df+cg bf-ag -df+cg
ag (< +x d(bF-ag) [<x o (Fex d (f-ex
Log{ (d )}Log[— ( )] —Log[ ( >]+Log[ ( >]
-df+cg b(—d'F+cg) (§+X) bf-ag -df+cg
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d(bf-ag) [S+x i b (5
ELOg[f ( )(da ) ]2 Log[ bCa+ad] Log[ b(-FJrgX)]
2 b(—d'FJrcg) (g+x) bd 7+X) -ag
-b d) (f d(bf-ag) [S+x
Log[—( c+ad) :gx)] + Log[§+x]—Log[— < )(da )
b (-dfrcg) (x| b (-df+cg) *+x|
bg (2 +x d(bf-ag) (S+x
PolyLog[Z,(b)}Jr Log[i+x]+Log[f ( )(d ) ]
bf-ag b b(-df+cg) (5+x)
b
dg |5 +x d(bf-ag) [S+x <Ly
POl)/LogP, M]‘FLOg[— ( )(d ) ] POlyLog[Z, d ]_
-df+cg b(—df+cg) (§+X) §+X
b
dbf-ag) [S+x bg (2 +x
PolylLog|2, - ( )(d ) ] PolyLog[B,i(b ) -
b(-df+cg) (§+x) bf-ag
dg (g +x €4 x d(bf-ag) [+x
PolyLog[3, (d)} —PolyLog[B, d ]+Poly|_og[3, _ ( ) (d )
-df+cg §+x b(—d-F+cg> (§+x)

Problem 90: Unable to integrate problem.

[l
X

x (a+bx)

Optimal (type 4, 82leaves, 3 steps):

) Log[a:‘x}z Polylog|2, 1- aj’bx] ) 2 Log[aig‘x] Polylog|3, 1 - aix] ) 2PolyLog(4, 1- aj)x}

a a a

Result (type 8, 36 leaves):
og 3 tog [L)°
x (a+bx)
Problem 91: Unable to integrate problem.

[ e

(c+dx) (ag+bgx)

dx

Optimal (type 4, 150 leaves, 3 steps):



60 | Mathematica 11.3 Integration Test Results for 3.2.3 u log(e (f (a+b x)™p (c+d x)~g)r)~s.nb

LOg [ : ca+:1bxx }2 POlyLOg [2) 1- bb(:; i) }

(bc-ad)g

2Log[e_<%q Polylog|[3, 1- bciad)} 2PolyLog[4, 1- bc—ad) ]

c+ b (c+d x b (c+dx

(bc-ad)g (bc-ad)g

Result (type 8, 57 leaves):

J Log %7y | Log[ =2 )"

(c+dx) (ag+bgx)

dx

Problem 92: Result more than twice size of optimal antiderivative.

. 2 _
Jwg[e (2] roel hene

(c+dx) (ag+bgx)

dx

Optimal (type 4, 160 leaves, 3 steps):

Log[e (%)n]zPolyLog[z, 1. bead ]

Cc+ b (c+dx)

(bc-ad)g

2n Log[e (%)n} PolyLog[3, 1- ﬁ} 2 n2 PolyLog[4, 1 ﬁ]

(bc-ad)g (bc-ad)g

Result (type 4, 785leaves):
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. r
3(bc-ad)g
a+bx a+bx)\". 2 a+bx)n a+bx a+bx,2
(Log[ | |3Log[e ) ] —3nLog[e( Log | +n? Log| ]
c+dx c+dx c+dx c+dx c+dx
bc-ad 3 a+bx)y" a+bx,\2
Log[———] + = |Log[e | -nLog| ]
bc+bdx 2 c+dx c+dx
c 2 a c
—Log[aer} —2Log[g+x] Log[c+dx]+2Log[E+x] Log[c +dx] +
a+bx a b (c+dx) d(a+bx)
2Log[ ]Log[c+dx}+2Log[7+x} Log[7}+2PolyLog[2,7 +
c+dx b bc-ad -bc+ad
a+bx)\" a+bx
n|Log|e | -nLog|
c+dx c+dx
d b
Log[£+x]3+3Log[£+x}2 —Log[i+x}+Log[M +
d d b -bc+ad
2 b d
3 —Log[i+x}+Log[£+x}+Log[a+bX] Log[c+dx]+3Log[i+x}2Log[M]+
b d c+dx b bc-ad
d b
6Log[i+x} Polylog|2, M}M’: Log[i+x}—Log[£+x}—Log[a+bX})
b -bc+ad b d c+dx
b d d b
(Log[chx}ZZ(Log[aer} Log[7<c+ X)}+PolyLog[2, 7(a+ X>] ]+6Log[c+x}
d b bc-ad -bc+ad d
b (c+dx) d(a+bx) b (c+dx)
PolyLog[2, ———"] - 6 Polylog[3, ———] -6 Polylog|[3, —— || -
bc-ad -bc+ad bc-ad
_ d b
n? [Log[aJrl:)X]BLog[ibC ad }+3Log[a+bx]2PolyLog[2, dlarbx] X>]_
c+dx bc+bdx c+dx b (c+dx)
a+bx d(a+bx) d(a+bx)
6 Log| | PolyLog[3, ———] +6PolyLog[4, ————
c+dx b (c+dx) b (c+dx)

Problem 98: Unable to integrate problem.

JLog[Mrd}x

x2

Optimal (type 4, 102 leaves, 5 steps):

x? b+a x

{c(b+ax)2 s 6bL0g[M]2Log[l— ax}

X Log

x2 a

24b Log| <®:2X%] polylog[2, 2*-| 48bPolylog[3, 2*]

x2 brax b+a x

a a

Result (type 8, 17 leaves):

JLog[Mrdx

x2
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Problem 101: Unable to integrate problem.
Jlog[?—gzi——]3dx

b+axV

Optimal (type 4, 98 leaves, 5steps):

x2 2
c x? 3 6bLog[(£aM2] Log[ 2]
x Log| ]+ N

(b+axf a

24b Log[ ¥~ Polylog 2, ;2| 4gbPolylog[3, 2|

(b+ax)? b+ax

a a

Result (type 8, 17 leaves):

Jlog[<(:xz]3dx

b+axf

Problem 102: Result more than twice size of optimal antiderivative.

bc-ad
\J“PolyLog[z, 1+ EE;E;T]
dx

(a+bx) (c+dx)

Optimal (type 4, 35leaves, 1 step):

bc-ad
PolylLog[3, 1+ e ]

bc-ad

Result (type 4, 1037 leaves):



Mathematica 11.3 Integration Test Results for 3.2.3 u log(e (f (a+b x)~p (c+d x)~g)r)"s.nb | 63

(Log[a+bx] - Log[c+dx]) PolyLog[2, —2S— + 22X ]

d (a+bx) a+b x _
bc-ad
1 a 2 -bc+ad C 2 -bc+ad
_— 73Log[7+x} Log[7]+3Log[7+x] Log[i
6bc-6ad b d(a+bx) d d(a+bx)
-bc+ad ;3 a 2 a C
2Llog|—————] -3Log[—+x| Log[a+bx] +6Log|~+x]| Log[~+x]| Log[a+bx] +
d(a+bx) b b d
a -bc+ad c -bc+ad
6Log[— +x| Log| ————] Log[a+bx] +6Log[— +x| Log| —————] Log[a+bx] +
b d(a+bx) d d(a+bx)
-bc+ad ;2 a -bc+ad
6Log[— ] Log[a+bx] +6Log|— +x| Log[a+bx]?+6Log|——————] Log[a+bx]?-
d(a+bx) b d(a+bx)
d b d b
6Log[i+x} Log[£+x] Log[i<a+ X)}+3Log[£+x}2Log[—(a+ x) -
b d -bc+ad d -bc+ad

o -bc+ad d(a+bx) a 2
6Log[— +x| Log[—————] Log[———"] +9Log|— + x| Log[c+dx] -
d d (a+bx) bc+ad b
a [ a -bc+ad
6 Log[— +x| Log|[— + x| Log[c+dx] +6Log|— +x]| Log[ —————] Log[c+dx] -
b d b d(a+bx)

-bc+ad

6Log[£+x} Log|
d d(a+bx)

| Loglc+dx] —12Log[i+x] Log[a+bx] Log[c +dx] -
b

-bc+ad a ,
12Log[7} Log[a+bx] Log[c +dXx] +6Log[*+x] Log[c+dx]*+
d(a+bx) b
- b d
5L0g[m] Log[c+dx]279Log[i+x]2Log[u}+
d(a+bx) b bc-ad
bc+d - b(c+d
6L0g[3+x} LOg[5+x] Log[M} _GLOg[iﬂ(} Log[m] Log[M N
b d bc-ad b d(a+bx) bc-ad
a b(c+dx) a b<c+dx)
6Log[—+x} Log[a +bx] Log[i} —6L0g{—+x} Log[c +d x] Log[i -
b bc-ad b bc-ad
a C -bc+ad
6 |Log|— +x| -Log|[— +x] +Log[ ——————] - Log[a+bx] + Log[c +dX]
b d d(a+bx)
d b _
PolyLog[z, M]*S Log[i+x]*L0g[£+X]+Log[ bc+ad J
-bc+ad b d d(a+bx)
b {c+d d(a+b b(c+d
PolyLog[Z, M] —6PolyLog[3, M] 76PolyLog[3, M
bc-ad -bc+ad bc-ad

Problem 103: Result more than twice size of optimal antiderivative.

[l

(a+bx) (c+dx)

Optimal (type 4, 85leaves, 2 steps):
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Log[gigﬂ@gj Polylog|[2, 1+ iigﬁET] PolylLog|3, 1+ iﬂiﬁgf]

a+b x (a+b x (a+b x)

bc-ad bc-ad

Result (type 4, 617 leaves):

1 a 3 C 2 a d(a+bﬂ
——————— |2Log[~ +x]| +3Log[~+x]| |Log[~+x]-Log[——"]|+
6 (bc-ad) b d b bcaad
a 2 C b(c+dx) a “bciad
3Log|[—+x]| |-Log|[—+x]|+Log|———]|+6 |Log[— +x] +Log[——
b d bc-ad b d (a+bx)
d
(LOg[a+bX]—L0g[C+dX]> Log{i-kx]—LOg[E_;.X]_*_Log[M 4
b d a+bx
d b d
6um[3+x]deu¥[L —iii—il -3 ug[i+x]u@[£+x]+u%[iiii_ilJ
b -bc+ad b d a+bx
b d d b
Log[i+x]2_2 Log[i+x] LOg[M]+POlyLOg[2, M}]]_
b b bc-ad -bc+ad
< b (c+dx) a _bc+ad
6L0gL*+X]PohmogP,‘4‘4‘4*]73 Logﬁf+x]+LogP444444
d bc-ad b d(a+bx)
b d d b
LOg[i+X]2+LOg[£+X}2—2 Log[i+x} Log[u} +POlyLog[2, M
b d b bc-ad -bc+ad
d b b d
2 LOg[E+x] LOg[M]+PolyLog[2, M} ]_
d -bc+ad bc_ad
b d d b
6 LOg[iJFX]ZLOg[M]+2Log[i+x} POlyLOg[Z, M B
b bc-ad b -bc+ad
d (a+bx) d(a+bx) b (c+dx)
2PolyLog[3, 7] —6P01yLog[3, 7] +6PolyLog[3, - 7
-bc+ad -bc+ad bc-ad

Problem 104: Result more than twice size of optimal antiderivative.

(de-cf) (a+bx)

dx

Log[ (be-af) (c+dx) ]2
Jﬂ a+bx

Optimal (type 4, 140 leaves, 4 steps):

-bc+ad (be-af) (c+dx) 12
Log| —— | Lo
g[d (a+b x) } g[ (de-cf) (a+bx) ]

b

(be-af) (c+dx) b (c+dx) b (c+dx)
2 LOg[ (de-cf) (a+bx) } PolyLog[Z, d (a+bx) ] 2 POlyLOg{B) d (a+bx) ]

+

b b

Result (type 4, 363 leaves):
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d b b d
_(Log[iﬂ(rﬁLog[iﬂ(]zl_og[u}+3Log[i+x}2 —Log[£+x}+|_og[ (c+ x>] .
3b b d -bc+ad b d bc-ad

-b £ d 2
3Log[a+bx] LOg[E+X}—L0g[£+X}+Log[( €+a )<c+ X) .
b d (-de+cf) (a+bx)
d b b d
6Log[i+x] PolyLog[Z, M] +6Log[£+x} PolyLog[Z, M} _
b -bc+ad d bc-ad
b f d
3 LOg{E+X]—LOg{E+X]+LQg{( e+a ) (C+ x)
b d (-de+cf) (a+bx)
b b d
Log[i+x]2—2 Log[£+x] Log| d(a+ X>]+PolyLog[2, (c+ X)} ]_
b d ~bc+ad bc-ad
d(a+bx) b (c+dx)
6 Polylog[3, ———| -6Polylog[3, ——
-bc+ad bc-ad

Problem 105: Result more than twice size of optimal antiderivative.

e (c+dx) (-bc+ad) (e+fx)
JLOg[ a+b x ] LOg{ (de-cf) (a+bx) ]

(a+bx) (c+dx)

dx

Optimal (type 4, 109 leaves, 2 steps):

e (c+dx) (bc-ad) (e+fx) (bc-ad) (e+fx)
Log[ &=, ] Polylog[2, 1+ >=2cerm [ Polylog[3, 1+ >o2ror o]

bc-ad ) bc-ad

Result (type 4, 1681 leaves):

1 a 3 a Py 3 c
- ——————|-2Llog|[—+x| +3Log|[—+x| Log[a+bx]-6Log[~—+x]| Log[~+x]| Log[a+bx] +
6bc-6ad b b b p
d b
3L0g[£+x}2|—0g[a+bx]+6Log{i+x] Log[£+x} Log[u}_
d b d -bc+ad
dfa+b b (c+d
3L°g[£+X}ZL°g[M]+3Log[i+x]2Log[M B
d -bc+ad b bc-_ad
d d
3L°g[i+x}2Log[M]+6Log[i+x] Log[a + b x] LOg[M _
b a+bx b 2+ bx
e (c+dx) d(a+bx) e (c+dx)

6Log[§+x} Log[a+bx] Log| }+6Log[§+x} Log | | Log| +

a+bx -bc+ad a+bx
e(c+dx)]z+3Log[—bc+ad}lﬁg[(befaf)(C+dX)27
a+bx d(a+bx] (de-cf) (a+bx)

3Log[a+bx] Log|

a 2 a c
3Log[g+x} Log[e + f X] +6Log[g+x] Log[ngx} Log[e + fx] -

c 2 a e (c+dx)
3Log|[— + x| Log[e+fx] -6Log[— +x]| Log]| | Logle+ fx] +
d b a+bx
e (c+dx) e (c+dx)

Log[e + fx] -3 Log 2Log[e+-Fx]+
] [ ]

6Log[£+x} Log |
d a+bx a+bx
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b f f d b f
3Log[i+x}2Log[M]—6L0g[i+x] Log[M Log (e X)}Jr
b be-af b -de+cof be-af
f d b f d b f
3 og [T DX g7 oo 2L ) o og 2 k] Log LX)y g 2o FX)
-de+cef be-af b a+bx be-af
f(c+dx be-af) (c+dx b(e+fx
6Log[¥ og[( )< >]Log[¥}+
~de+cf (de-cf) (a+bx) be-af
be-af d b f d f
3Log[( e-af) (crdx) 2Log[7<e+ X)}—GLog[i+x} Log[£+x} Log[i<e+ X) +
(defcf) (a+bx) be-af b d de-cf
d f f d d f
3Log[£+x}2Log[ (e+ X>]+6Log[i+x] Log[M Log M}—
d de-cf b -de+cof de-cf
f d d f d d f
3Log[4(c+ X) ZLog[i<e+ X)}76Log[£+x] Log[e(CJr X) Log| e+ fx) +
-de+cof de-cf d a+bx de-cf
f(c+dx be-af) (c+dx d(e+fx
6Log[7( >]Log[( >< >]Log[7< )}Jr
~de+cf (de—cf) <a+bx) de-cf
d -b d f
3|_Og[e(c+ X>]2Log[< c+ad) (e+ x)]_
a+bx (de-cf) (a+bx)
be-af d _bc+ad f d(a+b
3Log[( e-af) (crdx) . og[< crad) fer X>]+6Log[i+x] PolyLog|2, M]+
(de—cf) (a+bx> (de—cf) (a+bx) b -bc+ad
d be-af d f b
6 Log[M 7Log[( e-af) fc- X>] PolyLog|2, M]+
a+bx (de—c-F) (a+bx) -be+af
b d d b d
6Log[i+x} PolyLog|2, M} +6Log[e (c+dx) | PolyLog|2, M -
b bc-ad a+bx bc-ad
d f d be-af d
6Log[e(CJr X>]PolyLog[2, M +6Log[< e-2 >(C+ X)
a+bx ~de+cf (de—c-F) (a+bx)
f d be-af d b d
PolyLog|2, u]+6Log[( e-af) (e~ X>]PolyLog[Z, (c+dx) -
-de+cf (de-cf) (a+bx] d(a+bx)
be-af d be-af d d b
6Log[( e-af) [c+dx) | PolyLog|2, (be-af) (c+dx) | -6PolyLog|3, M -
(de—cf) (a+bx> (de—cf) (a+bx> -bc+ad
b d b d be-af d
6 PolyLog|3, M]43PolyLog[3, M}+6PolyLog[3, (be-af) (c+dx)
bc-ad d(a+bx) (de—cf) (a+bx)

Problem 106: Result more than twice size of optimal antiderivative.

(de-cf) (a+bx)

J\Log[ (be-af) (c+dx) ]2
dx

(a+bx) (e+fx)

Optimal (type 4, 204 leaves, 4 steps):
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- + 2 be-af) (c+dx
Lo (be-af) (c+dx Lo 1_ ( ) ( )
g[ (de-cf) (a+bx) } g[ (de-cf) (a+bx) ]

be-af

(be-af) (c+dx) (be-af) (c+dx) (be-af) (c+dx
2 LOg{ (de-cf) (a+bx) } PolyLog{Z, (de-cf) (a+bx) ] 2 POIyLOg{B) (de-cf) (a+bx)

+

be-af be-af

Result (type 4, 1636 leaves):
1 a 3 a 2 a C

————— |-2Log[— +x| +3Log[— +x| Log[a+bx] -6Log|[— +x]| Log[—+x] Log[a+bx] +

3be-3af b b b d

d(a+bx)

-bc+ad

b(c+dﬂ]

bc-ad

3Log[§+x]2Log[a+bx] +6Log[§+x] Log[§+x] Log|

c ) d(a+bx)
3Log[a+x] LOg[m}Jr?)LOg
- +

[
(-be+af) (c+dx)
(-de+cf) (a+bx)

-be+af) (c+dx)

6Log[£+x] Log[a + b x] Log{( +
d (-de+cf) (a+bx)

x]ZLog[

0'|m

a (—be+af) (c+dx)
| +6Log[—+x]| Log[a+bx] Log| -
b (—de+cf) (a+bx)

3Log[§+x]2Log[

c d(a+bx) (7be+af) (c+dx)
6Log|[— +x| Log[ ———] Log] +
d -bc+ad (-de+cf) (a+bx]
- _be+af d _be+af d
3 Log| pcrad Log[< e+af) [erdx) *+3Logla+bx] Log[< eraf) [c- X>]2,
d(a+bx) (-de+cf) (a+bx) (-de+cf) (a+bx)
a 2 a c
3Log[g+x] Log[e+fx]+6Log[E+x] Log[a x| Logle + fx] -
c 2 a (-be+af) (c+dx)
3Log[~ +x] Logle+fx]-6Log|[—+x] Log]| | Logle+fx] +
d b (-de+cf) (a+bx]
-b f d
6Log[E ]Log[( eraf) (e X>}Log[e+1:x1—
d (—de+cf) (a+bx)
be+af d b le+f
3Log[< e )(c+ X> 2Log[e+fx]+3Log[i+x]2Log[M
(-de+cf) (a+bx) b be-af
f d f f d b f
6Log[i ]Log[ (c+ X>]Log[7<e+ X)}+3Log[7(c+ X> 2Log[7<e+ X)}Jr
b -de+cf be-af -de+cef be-af
b f d b f
6Log[i ]Log[( eraf) (e X>}Log[7(EJr X>],
b (-de+cf) (a+bx) be-af
f(c+d “be+af d b(e+f
6 Log| (e X)}Log[< eraf) (c+dx) Log[7<e+ X>}+
~de+cf (-de+cf) (a+bx) be-af
be+af d b(e+f dlesf
3Log[< e+af) (c+dx] 2Log[M}—6Log{i+x} Log[£+x} Log[M}+
(-de+cf) (a+bx] be-af b d de-cf
d f f d d f
3Log[£+x]2Log[M}+6Log[i+x] Log[M Log[M B
d de-cf b -de+cf de-cf
f(c+d d(e+f “be+af d d(e+f
3Log[M 2Log{u]—6Log[£+x] Log{< e+af) [c+dx) Log[M]+

~de+cf de-cf d (7de+cF) (a+bx) de-cf
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g Lol
(-be+af) (c+dx) (-bcrad) (e+fx)
3Log[<*de+cf> (a+bX>] sl (de-cf) (arbx)
6Log[%+x] PolyLog|2, M]+6 LOg[iJrX] +Log| E::Zi:;; E::Zi;
oo, 35 el g ot S

[-be+af) (c+dx) | PolyLog|2, be-af) (crdx | ~6PolyLog|3,

6 Log|
(7de+cf) (a+bx) (defmc (a+bx) -bc+ad

6 PolylLog [3,

)
b (c+dx) | - 6 polyLog[3, (c+dx; | + 6 PolyLog[3, (be-af) (c+dx)

bc-ad (a+bx <de—cf) (a+bx)

Problem 107: Result more than twice size of optimal antiderivative.

(de-cf) (a+bx)

dx

Log[ (be-af) (c+dx) ]2
J e+fx

Optimal (type 4, 322 leaves, 9 steps):

Log{ bc- ad) ] Log[ (be-af) (c+dx; }2 Log{ (be-af) (c+dx) ]2 Log[l _ (be-af) (c+dx) ]

b x (de-cf) (a+bx (de-cf) (a+bx) (de-cf) (a+bx)
_ + _

f f

2L (be-af) (c+dx) PolvL 2 b (c+dx) 2L (be-af) (c+dx PolvL 2 be-af) (c+dx)
Og[ (de-cf) (a+bx)} oly Og[ ’ d(a+bx)] Og[ (de-cf) (a+bx) } oly Og[ ’ (de-cf) (a+bx)

]

+

f f

b (c+d x be-af) (c+dx
2 PolyLog|3, J—Ld e | 2Polylog|3, l—U—L<de,cf) o ]

f f

Result (type 4, 1080 leaves):

d(a+bx) )

J

+
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1 -bc+ad (-be+af) (c+dx)
; _Log[d<a+bx)}Log[(—de+cf) (a+bx)] :

a 2 a
LOg[g+X] Logle + fx] —2Log[;+x] Log[— +x| Logl[e+ fx] +

be+a-F) (c+dx)
de+c~F) (a+bx)

<
d
E | Logle+ fx] -

Log[§+x]2Log[e+fx] +2Log[§+x] Log| -

C (7be+a1‘) (c+dx) (7be+af) (c+dx) 2
2Log[7+x] Log[ ]Log[e+-Fx}+Log[ Log[e + fx] -
d (—de+c-F) (a+bx) (—de+cf) (a+bx)
b f f d b f
Log[i+x]2Log[M}+2Log[i+x} Log | (c+dx) Log e+ X>]f
b be-af b -de+cof be-af
f d b f -b f d b f
Log (c+dx) ZLog[ (e+ X>]—2Log[i+x] Log[( e+af) (c+dx) Log (e+ x)]+
~de+cf be-af b (—de+cf) (a+bx) be-af
2Log[1‘:(c+dx) Log[(—be+af) (c+dx) Log b (e+fXx) )
~de+cf (—de+cf) (a+bx) be-af
-b f d b f d f
Log[< eraf) (crdx) 2Log[7<e+ X>}+2Log[i+x} Log[£+x] Log[—<e+ X>]—
(7de+cf) (a+bx) be-af b d de-cf
d f f d d f
Log[5+x]2Log[M}—2Log[i+x} Log| (c+dx) Log e+ X>]+
d de-cf b -de+cef de-cf
f d d f -b f d d f
Log| G X)}ZLog[M]JrZLog[EJrX] Log[( eraf) (e X)}Log[M]—
-de+cf de-cf d (-de+cf) (a+bx] de-cf
f d -b f d d f
2 Log (c+ X)}Log[< e+a )(c+ x) Log <e+ x)}+
~de+cf (—de+cf) (a+bx) de-cf
Log[(—be+af) (c+dx) 2Log[(_bc+ad> (e+-Fx)
(—de+cf) (a+bx) (de—cf) (a+bx)
-b f d b d
2 Log| evaf) e X>]PolyLog[2, —(C+ x) +
(—de+cf) (a+bx> d(a+bx)
b f d be-af d
2Log[< e+a )(c+ X>]PolyLog[2, e-a )(c+ x) .
(-de+cf) (a+bx) (de—cf) (a+bx)
b d be-af d
2 Polylog|3, e+ X)}-zpolyLog[3, (be-af) (c+dx)
d(a+bx) (de-cf) (a+bx)

Problem 108: Result more than twice size of optimal antiderivative.

Lo (be-af) (c+dx) Lo b (e+fx)
J g[ (de-cf) (a+bx) ] g{ be-af }

(a+bx) (c+dx)

dx

Optimal (type 4, 433 leaves, 10 steps):
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_ _bc-ad (be-af) (c+dx) 12 (be-af) (c+dx) 12 b (e+fx)
LOg[ d (a+bx) ] LOg[ (de-cf) (a+bx) } LOg[ (de-cf) (a+bx) ] LOg[ be-af }
2 (bc-ad) 2 (bc-ad)
- + 2 be-af) (c+dx be-af) (c+dx b (c+dx
Lo (be-af) (c+dx) Log[1 - (be-af) (c+dx) L (be-af) (c+dx) PolyLog |2 b (c+dx)
g{ (de-cf) (a+bx) } g[ (de-cf) (a+bx) ] g[ (de-cf) (a+bx) ] y g[ ’d (a+b x) }

Z(bcfad) bc-ad

(be-af) (c+dx PolvLo 2 (be-af) (c+dx) PolvLo 3 b (c+dx) PolvLo 3 be-af) (c+dx)
(de-cf) (a+bx) } y g[ ’ (de-cf) (a+bx) ] y g[ > d (a+b x) ] y g[ ’ (de-cf) (a+bx) ]
+ _

bc-ad bc-ad bc-ad

Log|

Result (type 4, 1855 leaves):
.
2 (bc-ad)

d b

(2 Log[§+x] Log[§+x} Log[f)a:ax(j +
- +

b (C+dx>

| -2 (Logla+bx] - Log[c+dx])
bc-ad

2Log[g+x] Log[%+x] Log[

-b f d b f
Log[§—+x]A—Log[E—+x]4+Log[< ¢ra ) (c+ X> Log[g—+x]4—Log[44Qii—4§L +
b d (—de+cf)(a+bx) f be-af
d b f b b f b f
Log[M _Log M}JLog[M} —2Log[£+x]+Log[M .
-bc+ad -be+af be-af d be-af
b f
Log[i+x]2 —Log[g-+x]+Log[—lEj——il +
b f be-af
b d f d d f d f
(Log[M]Log[M}]Log[M} (ZLog[a+x]+Log[<e+x) .
bc-ad -de+cof de-cf b de-cf
d f
Log[E-+x]2 —Log[g-+x]+Log[—lE:;—il +
d f de-cf
b (c+dx f(c+dx d(e+fx -bc+ad) (e+fx
(g P8R g Flenanl | dletx] | (bcrad] fe-tx)
bc-ad -de+cef de-cf (defcf) <a+bx)
(Log[be+af +Log[b(c+dx)}7Log[(—be+af) (c+dx) J [(—bc+ad) (e+fx) 2
f (a+bx) bc-ad (—de+cf) (a+bx) (de-cf) (a+bx)
d b f b b f bc-ad f
2 [-rog[ LX)y, o FlaxbxX) ) (orblerfx) ), olbemad) (exfx)
-bc+ad -be+af be-af (be-af) (c+dx)
d b _ de-cf b bc-ad f
Log[ (a+r x>] +Log[ de-+c-F} —Log[ ( e-c ) (a+ x>] ( c-a ) (e+ x) 2,
-bc+ad f(c+dx) (befaf>(c+dx> (befaf)(c+dﬁ
-b d f d b
2 Log[s»+x] —Log[ ( cre ) (e+ X)} PolyLog[z, ——Eii——fl» +
f (de-cf) (a+bx) -bc+ad

a f (a+bx) e (bc-ad) (e+fx)
2Log|— +x] PolyLog[2, ————] +2 |Log[— +x] - Log|
b -be+af f (be—af)<c+dﬂ
b(c+d ble+f
PolyLog|2, M] + |Log[ S +X] _Log[M]
bc-ad f be-af
b d d b
LOg[i+X]2+Log[£+X}272 LOg[EJrX} Log[M}JrPolyLog[z, M
b d b bc-ad -bc+ad
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1))

c (bc-ad) (e+fx)
el el e e

d b b d
2 7<a+ X> } +PolyLog[2, 7(c+ X)

-bc+ad bc-ad
F(c+dx>]+2
-de+cof

Log[§+x] Log[

2 Log[i + x] PolyLog[Z,

ponsios[2, 1T oal 2] o[ x] togl o T
Log[§+x] Log[m Log{m '
Polylog|2, bb(Zi::)] - PolyLog|2, ddt:) +
2 [Log[2 o] vog| (<dbe“ca:)) <(:fbfxx)> || pemion(z, © =2
2uogl {7 EELE T [peon(z, 2 peen(z, 2 tEH )
P e | [P )Pt ()

2 PolyLog|3, | -2PolyLog|3, | -2PolyLog|3,

-bc+ad -be+af bc-ad
f d b f d f

M} 72p01y|_0g[3’ M] *ZPOIyLOg[3, M
-de+cof be-af de-cf

b f bc-ad f
7<e+ X)}+2PolyLog[3,7< c-ad) (exfx] -

}_
},

2 Polylog|3,

2Polylog|3,

f (a+bx) (de-cf) (a+bx]
2Polylog|3, E::Zi§}+zpolyLog[3, EE:::::; E::Zi;



72 | Mathematica 11.3 Integration Test Results for 3.2.3 u log(e (f (a+b x)™p (c+d x)~g)r)~s.nb

Summary of Integration Test Results

108 integration problems

A - 80 optimal antiderivatives

B - 24 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - Ointegration timeouts



